
T
i

Q
S
M

a

A
A

K
S
M
L
B
P
N

C

D
E
m
a
a
P
e
S
o
s

h
0

Progress in Polymer Science 75 (2017) 1–30

Contents lists available at ScienceDirect

Progress  in  Polymer  Science

j o ur na l ho me  pa ge: www.elsev ier .com/ locate /ppolysc i

heoretical  modeling  and  simulations  of  self-assembly  of  copolymers
n  solution

ian  Zhang,  Jiaping  Lin ∗,  Liquan  Wang,  Zhanwen  Xu
hanghai Key Laboratory of Advanced Polymeric Materials, State Key Laboratory of Bioreactor Engineering, Key Laboratory for Ultrafine Materials of
inistry of Education, School of Materials Science and Engineering, East China University of Science and Technology, Shanghai, 200237, China

 r  t  i  c  l  e  i n  f  o

rticle history:
vailable online 3 May  2017

eywords:
elf-assembly of copolymers in solution
odeling and simulation

inear copolymer
ranched copolymer
olymer mixtures
anostructure

a  b  s  t r  a  c  t

Self-assembly  of  copolymers  in solution  is  a promising  way  to  prepare  novel  materials.  An  accurate
control  over  the  self-assembly  of copolymers  in solution  requires  a profound  understanding  about  the
related  thermodynamic  rules  and  kinetic  mechanisms.  Theoretical  modeling  and  simulation  play  an
increasingly  important  role  in characterizing  the  structure  details  and  the  formation  process  of  poly-
mer  assemblies.  In  this  review,  we  first introduce  theoretical  modeling  and  simulation  methods  that
have  been  applied  to investigate  the  self-assembly  of copolymers  in  solution,  including  particle-based
methods,  field-theoretical  methods  and  hybrid  modeling  methods  Then,  the  application  of  these  methods
for the  self-assembly  of linear  block  copolymers  in  solution  is highlighted,  including  the  thermodynamic
rules  and kinetic  mechanisms  underlying  the formation  of  self-assembled  structures.  Furthermore,  the
simulation  works  of the  self-assembly  of  branched  copolymer  systems,  including  graft  copolymers,  star-

like copolymers,  dendritic  copolymers  and  bottle-brush  copolymers,  are  addressed.  In  addition  to the
one-component  polymer  systems,  simulation  investigations  of polymer  mixture  systems  are  discussed,
both  the  polymer/polymer  systems  and  polymer/nanoparticle  systems  are considered.  Finally,  perspec-
tives  on  the  theoretical  modeling  and  simulation  in  the field  of  self-assembly  of  copolymers  in  solution
are  presented  in  the  section  of  concluding  remarks  and  outlook.
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. Introduction

Self-assembly is a spontaneous organization of components
riven by enthalpic and entropic effects [1]. Nature fascinates

ts self-assembled structures with rich functionality, stimulating
cientists from polymer areas to make efforts on self-assembly
esearches. In bulk, a variety of microstructures, such as lamel-
ae, cylinders, spheres and gyroids, can be formed through the

icrophase separation between different blocks of copolymers.
hile in solution, the self-assembly of copolymers involves not

nly the microphase separation between different blocks but
lso the macrophase separation between solvents and copoly-
ers. And the incompatibility between solvents and copolymer

locks plays a crucial role in determining the morphology and
he formation pathway of the self-assembled structures. Various

icrostructures such as micelles and vesicles can be obtained
y the self-assembly of copolymers in solution [2,3], that pro-
ides advanced strategies to mimic  the self-assembly processes
appened in organisms and prepare functional materials. For
xample, the micelles self-assembled from poly(ethylene glycol)-b-
oly(aspartate-hydrazone-adriamycin) (PEG-b-p(Asp-Hyd-ADR))
re used to deliver the anticancer drug ADR [4], and the vesicles
ormed from poly(styrene-b-acrylic acid) (PS-b-PAA) are suggested
s organelle-like nanoreactor for bovine pancreas trypsin [5].
enefiting from the development of the synthetic chemistry of
acromolecules, great progress has been made in this field over

ast decades. However, the rapid development of synthetic chem-
stry also brings a larger space for polymer design, and the search of
he preparation condition for desired self-assembled structures is

ore empirical than before. To prepare advanced materials through
bottom-up” approaches and explain the self-assembly processes
appened in organisms, an in-depth understanding of the prin-
iples underlying the self-assembly of copolymers in solution is
ecessary.

The self-assembly of copolymers in solution is influenced by a
arge quantity of controlling factors, such as the rigidity of blocks,
he selectivity of solvents for different blocks and the molecular

rchitecture of copolymers, etc. From the viewpoint of experimen-
alists, it is still a challenge to gain insights into the formation
rinciples of the self-assembled structures. Therefore, the precise
 . . .  . .  . . . . .  . . . .  . . . .  . . .  . . .  . . .  .  .  . . .  . . . .  .  . . . . . . .  . . . . .  .  . . .  . . . . . .  .  . .  .  .  .  .  . . . .  . . .  . . . 26

preparation and rigorous control of the desired self-assembled
structures is still beyond our ability. The theoretical modeling
and simulation techniques have already proven to be powerful in
studying the thermodynamics and kinetics of the self-assembly
of copolymers in bulk [6]. Compared with copolymers in bulk,
the self-assembly of copolymers in solution is complicated due
to the addition of solvents, that makes the modeling of simu-
lations more challenging. As an example, for the simulation of
triblock copolymers, three additional interaction parameters need
to be considered if the copolymer system is in solution rather
than in bulk. Another roadblock to the theoretical simulation of
copolymers in solution is the computing resource. For copolymers
in bulk, it is efficient to perform the simulations in cells con-
taining microstructures with one or two periodicities. However,
for copolymer solutions, the simulation box should be sufficient
large to simulate the equilibrium assemblies and ensure the dilute
condition. Fortunately, the development of simulation methods,
especially the mesoscopic methods, and the upgrade of computer
hardware have enabled us to simulate the self-assembly of copoly-
mer  solutions. From these aspects, the theoretical modeling and
simulation can provide effective approaches to understand the
influences of individual factors on the self-assembly of copoly-
mers in solution and distinguish the thermodynamic stable and
metastable structures [7]. The aim of this review is to summarize
the recent progress in theoretical simulations regarding the self-
assembly of copolymers in solution and then provide a guidance
for the experiments in this field.

The present review is organized as follows: In Section 2,
the theoretical simulation methods used for investigating the
self-assembly of copolymer solutions, including particle-based
methods, field-theoretic methods and hybrid modeling methods,
are introduced. In this section, we  do not propose to offer the
detailed description of these simulation methods, but to provide
the basic principles, advantages and limitations of them. In Sec-
tions 3 and 4, the simulation investigations about the self-assembly
behaviors of linear block copolymers and graft copolymers in solu-
tion are reviewed, respectively. Both the thermodynamics and

the formation kinetics of the self-assembled structures are dis-
cussed. In Section 5, the simulation studies about the self-assembly
of copolymers with complex architectures including the star-
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Table  1
Some software packages available for the theoretical modeling and simulation
methods referred in this review. The characteristics of these packages including
operating systems, programming language and parallel computing ability are anno-
tated as superscripts.

Simulation methods Software packages

Molecular dynamics (MD) GROMACSUWCGM,  HOOMDUWPGM,
LAMMPSUWCGM and NAMDUWCG

Brownian dynamics (BD) BDpackUFM, BrowndyeUC,
HOOMDUWPGM and LAMMPSUWCGM

Dissipative particle dynamics (DPD) DPDmacsUC, HOOMDUWPGM and
LAMMPSUWCGM

Monte Carlo (MC) HOOMDUWPGM, LAMMPSUWCGM and
TowheeUF

Field-theoretic polymer simulation (FTPS)
Self-consistent field theory (SCFT) PSCFUF

Dynamic mean-field theory (DMFT) MesodynWM (commercial)

U and W represent that the software package can be executed in Unix-like and Win-
dows operating systems, respectively; C, F and P indicate that the package is written
in  the C language, the FORTRAN and the Python, respectively; M suggests that the
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tion of particle i is described by Langevin equation [12,22,23]
ackage supports simulations of multiple processors using MPI, and implies that
he  package provides accelerated performance on GPUs.

haped copolymers, the dendritic copolymers and the bottle-brush
opolymers are covered. The difference between these copolymers
nd linear copolymers or graft copolymers is featured. In Sec-
ion 6, an overview about the self-assembly of mixture systems
n solution is introduced, both the polymer/polymer systems and
olymer/nanoparticle systems are discussed. Finally, an outlook of
he possible future directions in this field is given.

. Theoretical modeling and simulation techniques

.1. Particle-based methods

In this subsection, an overview about the particle-based sim-
lation methods based on atomistic or coarse-grained segment
onfigurations is presented. In the past decades, a variety of
article-based methods have been developed and play an increas-

ngly important role in the fields of computing science. The
article-based methods with different degrees of coarse graining
an be used to study systems with different time and length scales.
ere, the particle-based methods including molecular dynam-

cs (MD), Brownian dynamics (BD), dissipative particle dynamics
DPD) and Monte Carlo (MC) are featured, and some software pack-
ges available for each method are listed in Table 1.

.1.1. Molecular dynamics
MD is a powerful and versatile simulation technique allowing

ne to predict the equilibrium and transport properties of a classi-
al many-body system [8–10]. As presented in Table 1, a plenty of
ree and open-source software packages (e.g., GROMACS, HOOMD,
AMMPS and NAMD) can be utilized to implement MD simulations.
he MD  method adopts a deterministic approach to perform molec-
lar simulations, meaning that the trajectory in the phase space
f the system can be calculated out on the basis of a determin-
stic physical model. To achieve this goal, three constituents are
equired to be known in MD  simulations: (i) the initial position
nd velocity of all particles in the simulation box; (ii) the interac-
ion potential or force between any two particles; (iii) the equation
f motion obeyed by any particle. In MD,  the evolution of particle i
s described by Newton’s equations of motion
i
d2ri(t)

dt2
= F i(t), (1)
er Science 75 (2017) 1–30 3

where mi is the mass of particle i, ri (t) is the position of particle i
at time t and Fi (t) is the force acting on particle i calculated as the
negative gradient of the interaction potential U.

It order to obtain an effective numerical solution from Eq. (1) it
is necessary to select a number of simulation settings including
interaction potential, integration algorithm, boundary condition
and ensemble. Since the detailed descriptions of these simulation
settings may  be found in many books and articles [8–12], here
we only briefly feature the selection of interaction potential in
MD  simulations. In conventional all-atom MD simulations, a typi-
cal interaction potential U of a system containing n atoms has the
following functional form:

U =
∑
bonds

Kb(b − beq)2 +
∑
angles

K�(� − �eq)2 +
∑
diherals

K�

2
[1 + cos(m� − �eq)]+

∑
impr

Kϑ(ϑ − ϑeq)2 +
n−1∑
i=1

n∑
j>i

qiqj

4��rij
+

n−1∑
i=1

n∑
j>i

4ε

[(
�

rij

)12

−
(

�

rij

)6
]

,

(2)

where Kb, K� , K� and Kϑ are the force constants accounting for
the flexibility of molecular configuration; b, �, � and ϑ are the
instantaneous values of bond length, bond angle, dihedral angle
and improper angle, respectively; beq, �eq, �eq and ϑeq are the
equilibrium values of bond length, bond angle, dihedral angle and
improper angle, respectively; m is the multiplicity for dihedral
angle; � is the dielectric constant; ε is the Lennard-Jones well depth
and � is the distance at the Lennard-Jones minimum; qi and qj are
the point partial charges of atoms i and j, respectively; rij is the
distance between atoms i and j. The first two  terms in Eq. (2) repre-
sent the stretching energy of bonds and the bending energy of bond
angles, respectively. The cosine function term reflects the torsion
energy of dihedral angles. And the harmonic potential related to
the “improper” angle is introduced to simulate the out-of-plane
motions of atoms. The remaining two  terms in Eq. (2) constitute
the non-bonded energy, that can be decomposed into the electro-
static energy (the fifth term) and the van der Waals energy (the
sixth term).

An interaction potential such as Eq. (2) can offer a full descrip-
tion of the atomistic interactions and has been widely applied to
simulate the biomolecules such as proteins [13–16]. With the help
of parallel algorithms and multiprocessor computers, the all-atom
MD simulations employing an interaction potential like Eq. (2) can
be utilized to simulate the systems comprising a million atoms for
a time scale of 100 ns [17]. However, the self-assembly of poly-
mer  systems typically involves hundreds of millions of atoms and
a much longer time scale [18]. A popular way to solve this prob-
lem is the construction of coarse-grained (CG) models. Within CG
models, an elementary particle represents a segment of a realis-
tic chain instead of a single atom. And the dihedral angle torsion
term, that must be taken into account to calculate the molecular
configurations in all-atom simulations, is no longer necessary. To
construct the CG model of an atomistic system, two steps need to
be accomplished: grouping the atoms into CG sites and establishing
the interaction potentials between different CG sites. There exist
several procedures to build the CG interaction potential, such as
the inverse Boltzmann method, the reverse Monte Carlo method
and the force-matching method [19–21]. Although it is essential to
develop CG models in a systematic manner, there is no unique CG
procedure superior to others.

2.1.2. Brownian dynamics
BD is a simple form of stochastic dynamics, in which the evolu-
mi
d2ri(t)

dt2
=

∑
j /= i

FC
ij (t) − 	pi(t) +

√
2	kBT�i(t), (3)
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here FC
ij (t) is the conservative force exerted by particle j on particle

 at time t, pi(t) is the momentum of particle i, 	 is the friction
oefficient, kB is the Boltzmann constant, T is the temperature and
i(t) is the Gaussian random noise term.

In contrast to the MD  method, the BD method adopts an implicit
ontinuum solvent description to enhance the computing effi-
iency. In BD simulations, the effects of solvents on solute particles
re represented through the dissipative and the random force
erms. And the internal motions of particles in BD simulations are
gnored. These simplifications enable BD to be particularly useful

hen a system, such as the polymer solutions, exhibits a large gap
f time scales governing the time evolution of different components
12,24]. However, instead of fully modeling the implicit solvent
ondition, only the viscous aspect of solvent molecules is consid-
red in BD method, that restricts its application in many conditions.
or example, to simulate the solvent-phobic effect in polymer solu-
ions, the conservative forces acting on solute particles have to be

odified [25]. Additionally, the energy and momentum in BD sys-
ems are not conserved. In other words, it is unable to consider the
ydrodynamic effects correctly through BD technique. Some mod-

fied BD methods have been proposed to overcome this problem
26,27]. Although there are ways of considering the hydrodynamic
ffects in BD simulations, the MD  or DPD simulation with explicit
olvents should be considered if a precise description of hydrody-
amic interaction is required.

.1.3. Dissipative particle dynamics
DPD, first proposed by Hoogerbrugge and Koelman and refor-

ulated by Groot and co-workers, is a mesoscale computational
ethod that has shown to be powerful in simulating the complex

uid systems [28–31]. A number of free and open-source software
ackages, such as DPDmacs, HOOMD and LAMMPS, can be uti-

ized to implement DPD simulations. Similar to MD  simulations,
he solvent molecules are considered explicitly in DPD simulations.
owever, the elementary particle in DPD simulations is not an atom
r molecule but a cluster of molecules. In DPD simulations, the
ime evolution of the elementary particles is governed by New-
on’s equations of motion, and the force acting on particle i is a sum
f pairwise conservative FC

ij (t), dissipative FD
ij (t) and random forces

R
ij(t) [32,33]

i(t) =
∑
j /=  i

(FC
ij (t) + FD

ij (t) + FR
ij(t)), (4)

C
ij (t) = {

aij(1 − rij/rc)r̂ij (rij < rc)

0 (rij ≥ rc)
, (5)

D
ij (t) = −	ωD(rij)(r̂ij · vij)r̂ij, (6)

R
ij(t) = �ωR(rij)�ij r̂ij, (7)

here aij is the maximum repulsion interaction between particle
 and particle j, rc is the cutoff radius, r̂ij = rij/rij is an unit vector,

 is the noise amplitude, �ij is a randomly noise term with a Gaus-
ian distribution and unit variance, ωD(r) and ωR(r) are r-dependent
eight functions vanishing for r ≥ rc.

In contrast to BD, the pairwise dissipative and random forces
n DPD serve as a thermostat together and ensure the conserva-
ion of momentum. In other words, the hydrodynamic interactions,
hat may  be important in the self-assembly process of polymers in
olution, can be simulated correctly in DPD. Although the atomistic
etails is lost in DPD method, it possesses several advantages over

D.  Primarily, compared with MD  simulations, the number of par-

icles required for the investigations of hydrodynamic behaviors
n DPD simulations is much smaller. Second, the soft conserva-
ive force in DPD decreases linearly with increasing rij, that allows
er Science 75 (2017) 1–30

for larger time steps to be adopted than those in MD.  Finally, the
relation between the repulsion conservative force of DPD and the
�-parameters in Flory-Huggins theory can be established [31], that
effectively bridges the gap between the atomistic simulations and
the mesoscopic simulations.

2.1.4. Monte Carlo
Unlike the deterministic MD method, the MC  method is a

stochastic approach that employs random numbers to generate
the sample population of the system and achieve the thermo-
dynamic equilibrium state. Since the detailed descriptions of MC
method can be found in other literatures [34,35], here we only
give a brief description of the importance sampling MC simula-
tion of a system containing n particles: (i) for the system with
initial configuration of {r1, r2,· · ·,  rn}, the energy of the system U{r1,
r2,· · ·, rn} is calculated; (ii) changing the position of the particle
i from ri to ri

’, and calculating the change of the system energy
�U=U{r1,· · ·,ri ’,· · ·,rn}−U{r1,· · ·,ri ,· · ·,rn}; (iii) if there exists �U < 0,
the new position ri

’ is accepted, while if there exists �U  ≥ 0, a
random number  ∈ [0,1] is generated and the position ri

’ can be

accepted only if exp
(

− �U
kBT

)
≥  is true, and the above steps are

repeated until the configuration of the system has been updated
completely. In a successful MC simulation, the same equilibrium
state should be reached via finite MC  steps from any initial state,
that always requires two  constraints: ergodicity and detailed bal-
ance. Ergodicity requires that every configuration with nonzero
Boltzmann weight can be accessed by finite MC  steps from any
initial configuration. And the detailed balance requires that the
transition rate of a configuration transition from {r1,· · ·,ri,· · ·,rn}
to {r1,· · ·,ri’,· · ·,rn} equals that of the reversed transition from
{r1,· · ·,ri’,· · ·,rn} to {r1, · · ·,  ri, · · ·,  rn}.

Both lattice and off-lattice (continuum space) models can be
adopted in a MC  simulation. Compared with simulations using off-
lattice model, the time cost of simulations with lattice model can be
drastically reduced [36–39]. Therefore, the lattice model is usually
employed to simulate polymer systems in MC  simulations. Accord-
ing to the algorithm generating the molecular conformation, the MC
methods can be divided into static methods or dynamic methods
[40–42]. In static MC methods, there is no relationship between
the simulation results of two sequential MC  steps. In dynamic
MC  methods, the sampling technique of molecular conformation
is based on a realistic model of the corresponding physical pro-
cess. In summary, the MC method has two advantages over the
MD method: first, the calculations of the forces are avoided in MC
simulations; second, the MC  simulations can be applied to study
the statistical physics in polymer science, beyond the ability of MD
method. However, it must be noted that the dynamic process rep-
resented by MC  method is a mathematic approximation rather than
a physical dynamics.

2.2. Field-theoretic methods

Although the above-mentioned particle-based methods have
already made some progress in the fields of polymeric self-
assembly [6], they have several intrinsic drawbacks. For example,
it takes a long time for particle-based methods to equilibrate
a polymer system with a large length scale, and computation-
ally expensive techniques, such as the Ewald summation, are
required for employing particle-based methods to study the sys-
tems with long-ranged interactions [43–45]. The field-theoretic
methods have proven to be efficient for studying the equilibrium

properties in a number of polymer systems [46,47]. In particular,
the field-theoretic methods are rather good at analyzing the ther-
modynamic stability of self-assembled structures. In the present
subsection, the field-theoretic methods including field-theoretic
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olymer simulation (FTPS), self-consistent field theory (SCFT) and
ynamic mean field theory (DMFT) are introduced, both the advan-
ages and limitations of these methods are discussed.

Before introducing the implementation details of FTPS, SCFT
nd DMFT, it is helpful to present the unified theoretical frame-
ork underlying these field-theoretic methods. Taking AB diblock

opolymer as an example, the canonical ensemble partition
unction of a system containing nAB incompressible AB diblock
opolymers with the polymerization index of N and the block com-
osition of fA in a volume V can be written as

 =
∫

DW+

∫
DW−exp(−H[W+, W−]), (8)

here W+ and W− are the fluctuating chemical potential fields
ntroduced through HS transformation,

∫
DW is a functional inte-

ral over the chemical potential fields, and H[W+,W−] is the
omplex effective Hamiltonian given by (see [47] for a more
etailed discussion)

H[W+, W−] = C

∫
dr

(
W−2(r)
�ABN

− iW+(r)

)

−CV ln Q [iW+ − W−, iW+ + W−], (9)

here C = nABRg
3/V is the dimensionless chain concentration, Rg is

he radius of gyration, �AB is the Flory-Huggins interaction param-
ter between the A and B segments, Q[iW+−W−,iW++W−] is the
artition function of a single diblock copolymer chain evaluated
hrough the chain propagator q(r,s)

[iW+ − W−, iW+ + W−] = 1
V

∫
drq(r, s = 1),  (10)

here s denotes the chain contour. The chain propagator q(r,s) is
btained by solving the modified diffusion equation

∂
∂s

q(r, s) = ∇2q(r, s) − w(r, s)q(r, s), (11)

hat is subjected to the initial condition of q(r,s=0)=1 and with w(r,s)
efined by

(r, s) = {
iW+(r) − W−(r) (s ≤ fA)

iW+(r) + W−(r) (s > fA)
.  (12)

The Eqs. ((8)–(12)) constitute the field-theoretic model of
B diblock copolymers. It must be mentioned that both the
hain propagator q(r,s) and the single chain partition function
[iW+,W−] are complex quantities. In the field-theoretic model of
B diblock copolymers, the reduced density operators �A(r;[W±])
nd �B(r;[W±]) are calculated from the chain propagator q(r,s) and
he corresponding complementary propagator q†(r,s)

A(r; [W±]) = 1
Q

∫ fA

0

dsq(r, s)q†(r, 1 − s), (13)

B(r; [W±]) = 1
Q

∫ fA

fA

dsq(r, s)q†(r, 1 − s). (14)

In practice, there are several strategies to evaluate the field-
heoretic model of polymer systems: (i) generate the numerical

pproximations to the exact field theory, referred to as the FTPS
echnique; (ii) impose analytical approximations to simplify the
heory and then use analytical or numerical methods to extract
nformation from the simplified theory.
er Science 75 (2017) 1–30 5

2.2.1. Field-theoretic polymer simulation
A convenient approach to implement FTPS is to employ the com-

plex Langevin technique to sample the chemical potential fields
W±(r,t)

∂W±,R(r, t)

∂t
= −�±Re[

ıH[W+, W−]
ıW±

] + ±(r, t), (15)

∂W±,I(r, t)

∂t
= −�±Im[

ıH[W+, W−]
ıW±

], (16)

where subscripts R and I denote the real and imaginary parts of a
complex quantity, respectively. t is a fictitious time without physi-
cal significance and �± > 0 are relaxation rate coefficients, ±(r,t)
are the Gaussian random noise fields that obeys the following
statistics

〈(±(r, t))〉 = 0, (17)

〈±(r, t)±
(

r′, t′)〉 = 2�±ı
(

r − r′) ı
(

t − t′) . (18)

In addition to the complex Langevin technique, other numerical
methods such as force-bias or hybrid Monte Carlo technique can
also be used to implement FTPS, one can find more details of FTPS
in Fredrickson’s book [47].

2.2.2. Self-consistent field theory
In contrast to FTPS, SCFT method belongs to the second type of

strategies for investigating the equilibrium properties of polymer
systems. The SCF theory, a mesoscopic polymer theory originally
proposed by Edwards in the 1960s [48] and adapted by Helfand to
treat block copolymers in the 1970s [49,50], is a type of mean-field
theory that can be viewed as a saddle point approximation to the
field-theoretic model. In SCFT simulations, the mean-field approxi-
mation is invoked so that all configurations can be neglected except
for a single “saddle point” configuration. This field configuration is
obtained by

ıH[W+, W−]
ıW±

|
W±∗

= 0, (19)

where W+*(r) and W−*(r) are the “mean chemical potential fields”
associated with the saddle point configuration. Considering that
H[W±*] must be real for any physical saddle point, Eq. (19) can be
reduced to

Im[
ıH[W+, W−]

ıW+
]
W±∗

= 0, (20)

Re[
ıH[W+, W−]

ıW−
]
W±∗

= 0. (21)

In general, SCFT simulations can be carried out through spec-
tral methods [51,52] and real space methods [53–56]. Among these
numerical techniques, an efficient way developed by Fredrickson
et al. [55,56] for computing saddle points is to write non-conserved
relaxation scheme of chemical potential fields

∂W+,I(r, t)

∂t
= −�+Im[

ıH[W+, W−]
ıW+

], (22)

∂W−,R(r, t)

∂t
= −�−Re[

ıH[W+, W−]
ıW−

]. (23)

Compared with FTPS technique, SCFT is more efficient to inves-
tigate the thermodynamic properties of polymer systems in which
the mean-field approximation is valid. However, it should be noted
that the accuracy of the mean-field approaches, such as the SCFT

and the DMFT, are affected by the dimensionless chain concen-
tration C. For systems with a low value of C, such as the polymer
solutions in dilute or semi-dilute regimes, the functional integral
defining the configuration partition function of the field-theoretic
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odel is not entirely dominated by the “saddle point” configuration
nd the mean-field methods may  lose their accuracy [46]. Under
hese circumstances, the mean-field calculations are suggested to
e initiatory explorations. The technique for direct sampling of
eld-theoretic models without any approximations, i.e.,  the FTPS
echnique, is a promising way to tackle this problem.

.2.3. Dynamic mean-field theory
The DMFT, sometimes is referred to as dynamic SCFT or dynamic

ensity field theory (DDFT), is a dynamical version of mean-field
heory that extends Cahn-Hilliard dynamics to SCF theory [57–59].
his approach consists of two ingredients: the derivation of the
hemical potential �(r) and a diffusion dynamics that relates the
hemical potential to the evolution of the density fields �(r). In the
implest form of DMFT method, the time evolution equation for the
ensity fields of the K segment �K (r,t) is written as

∂�K (r, t)
∂t

= MK∇ · [�K (r, t)∇�K (r, t)], (24)

here MK is diffusion coefficient that relies on the polymer-specific
inetic factors. The chemical potentials �K (r,t) are obtained by
pplying the local equilibrium condition at each time t

ıH[�, �]
ı�K (r, t)

= 0. (25)

By comparison with the experiments conducted under weakly
on-equilibrium conditions, the DMFT method defined by Eqs. (24)
nd (25) proves to be effective to simulate processes with length
nd time scales presently inaccessible by MD  simulations [60].
dditionally, DMFT can be implemented by the software package
f Mesodyn from Accelrys [61], that makes DMFT method an easily
mplemented simulation technique. Nevertheless, it is difficult for
he DMFT method to consider the nonlocal coupling effect because
he huge computational expense to obtain the chemical poten-
ial �(r) at each time step. To study the nonlocal coupling effect,

aurits and Fraaije developed a feasible method named external
otential dynamics (EPD) [62]. In contrast to DMFT, the polymer
ynamics is described by the external potential dynamics equations

n EPD

∂W(r, t)
∂t

= −M∇2(�(r) + (r, t)), (26)

n which the Rouse-like dynamics can be simulated more effi-
iently through a local diffusion coefficient. Furthermore, by taking
he momentum into consideration, the influence of hydrodynamic
orce on the self-assembly of polymers in solution can be investi-
ated, a direction for future development in this area.

.3. Hybrid modeling methods

Both the particle-based methods and the field-theoretic meth-
ds have their advantages and limitations. For instance, the
eld-theoretic methods exhibit high-efficiency in exploring the
hermodynamic equilibrium state of polymer systems while the
article-based simulations often need a large number of compu-
ational resources, and the particle-based simulations can present
he segmental details that may  be ignored in field-theoretic meth-
ds. In the decades, the hybrid strategy to develop simulation
echniques possessing the advantages of existing methods and
voiding their shortages has attracted a lot of attention [63–68].
n the hybrid modeling strategy, the specified part in the system

s described by spatial coordinate whereas the rest of the system
s represented in terms of density field, and the particle-based
nd field-theoretic calculations are performed simultaneously and
nteractively. As an instance, a hybrid method combining DDFT
er Science 75 (2017) 1–30

with DPD has been proposed by Kyrylyuk et al. to study the self-
assembly of oil/water/surfactant mixtures [67]. In their DDFT/DPD
simulations, the surfactants are modeled as short block copolymers
on basis of DPD method and the immiscible oil/water mixtures
is simulated by SCFT approach. Another example is the hybrid
particle-field (HPF) method developed by Fredrickson et al. to study
the polymer/nanoparticle composites [64]. In their HPF method, the
evolution of nanoparticles is calculated through BD method and the
self-assembly of copolymers is simulated by SCFT method. These
two hybrid modeling simulations provide hopeful routes to inves-
tigate systems in which the behaviors on different length scales are
intimately and dynamically linked, such as polymer-encapsulated
drugs and polymer/nanoparticle composites. However, there are
still some difficulties in developing a seamless hybrid modeling
strategy: primarily, an analytical expression for the force exerted by
the surrounding polymers on each particle should be established;
next, a reasonable coupling between the length scale and time scale
of different subsystems is required. To acquire a reliable simula-
tion results, the hybrid modeling technique combining DPD  with
field-theoretic methods is a recommended choice because the link
between DPD interaction parameter and Flory-Huggins interaction
parameter has already been established.

3. Self-assembly of linear block copolymers

The linear block copolymers are a type of copolymers consist-
ing of two or more blocks joined in linear arrangements. Due to
their broad industrial applications, the linear block copolymers
have been extensively investigated in past decades [69,70]. In the-
oretical simulations, the linear block copolymer can be modeled
as bead-spring chain [8–10] (e.g., in MD)  or continuous Gaussian
chain [47] (e.g., in SCFT) without branch. The self-assembly behav-
iors of the linear block copolymers in solution can be affected by
the interactions among blocks and solvents, the number of blocks
and the arrangement of blocks. In this section, the simulation works
about the self-assembly behaviors of the linear block copolymers
including AB diblock copolymers, ABA triblock copolymers and
ABC triblock copolymers are reviewed. Both the morphology of
self-assembled structures and the corresponding formation kinet-
ics are discussed. Through the comparison among different linear
block copolymers, the effect of molecular architecture on their self-
assembly behaviors in solution is demonstrated.

3.1. AB diblock copolymers

A variety of microstructures such as spherical micelles, cylindri-
cal micelles and vesicles can be formed through the self-assembly
of AB diblock copolymers in solution. From the thermodynamic
aspect, the self-assembled structure formed from AB diblock
copolymers in solution strongly relies on the balance of the three
contributions to the free energy: the chain stretching in the core,
the interfacial tension and the repulsion interaction among coronal
chains [71]. The changes of the interaction between copolymers and
solvents and the block composition of copolymers would disturb
the energy balance and lead to the structural transition between
different self-assembled structures. In this subsection, we focus on
the simulation investigations about the self-assembly of AB diblock
copolymers in solution. Several significant influence factors includ-
ing the solvent selectivity, the polydispersity and the chain rigidity
of copolymers are discussed.

To reveal the relation between the self-assembled structures

and the molecular parameters, Doi and co-workers performed
a first three-dimensonal density functional theory (DFT) simula-
tion on the self-assembly of AB diblock copolymer solutions [72].
Instead of the heuristic arguments for the expression of the density
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Fig. 1. (a) Self-assembled structures formed from AB diblsock copolymers in solution as a function of the solvent affinity strength of solvent-philic A blocks: (a1) �AS = 0.5;
(  copo
(

R

f
t
a
s
v
s
s
s
b
t
t
t
i
o
p
b
o
g
c
m
b
m
r
o
i
a
t
b
a
t
i
p
s
s
c
a

s
s
m

a2)  �AS = 0; (a3) �AS = − 0.175. (b) Self-assembled structures formed from AB diblock
b1)  fA = 2/3; (b2) fA = 1/2; (b3) fA = 2/5. [72], Copyright 2005.

eproduced with permission from the American Chemical Society.

unctional used in earlier works [73–75], a general density func-
ional expression involving the same parameters in SCFT has been
dopted in their simulations. In their works, various self-assembled
tructures including spherical micelles, cylindrical micelles and
esicles have been observed as the change of the solvent affinity
trength and the block composition of AB diblock copolymers, as
hown in Fig. 1. The thermodynamic mechanisms underlying the
tructural transitions among these self-assembled structures have
een concluded as below: with increasing the solvent affinity of
he solvent-philic blocks, the interfacial area of the micelles tends
o enlarge, and the structural transitions from spherical micelles
o cylindrical micelles and then to vesicles take place, as shown
n Fig. 1(a); additionally, these structural transitions can also be
bserved as the decrease of the block composition of the solvent-
hilic blocks, as shown in Fig. 1(b). Their observations of the relation
etween the self-assembled structures and the block composition
f diblock copolymers are in agreement with the strong segre-
ation analysis proposed by Ohta and Nonomura [76]. Another
rucial influence factor of the self-assembly of AB diblock copoly-
ers in solution is the incompatibility between the solvent-phobic

locks and the solvents. Sun et al. employed a simulated annealing
ethod, an algorithm for searching the thermodynamic equilib-

ium state in polymer systems, to study the self-assembly behaviors
f AB diblock copolymers in solution [77]. In their simulations, by
ncreasing the incompatibility between the solvent-phobic blocks
nd the solvents, the structural transitions from spherical micelles
o cylindrical micelles and then to onion-like structures have
een observed. Through a quantitative analysis of the contact area
mong different components, they demonstrated that the struc-
ural transition from spherical micelles to cylindrical micelles is
nduced by the decrease of the contact area between the solvent-
hobic blocks and the solvents, able to lower the total energy and
tabilize the formed assemblies. Their particle-based simulations
howed good agreement with the simulations presented by Doi and
o-workers and experimental observations reported by Eisenberg
nd co-workers [78].
The above simulations demonstrate that the block compo-
ition of amphiphilic diblock copolymers strongly affects their
elf-assembly behaviors in solution, suggesting that the desired
icrostructures can be prepared by controlling the molecular
lymers in solution as a function of the block composition of solvent-philic A blocks:

weight of copolymers precisely. However, it is nearly impossible
to synthesize copolymers with mono-dispersed molecular weight.
And the effect of the polydispersity of copolymers on the self-
assembled structures is still unclear. To solve this problem, an
efficient SCFT method aiming to investigate the dependence of the
self-assembled structures on the polydispersity of copolymers has
been proposed by Sides and Fredrickson [79,80]. Using this SCFT
method, Shi et al. studied the vesicular structures formed from
amphiphilic diblock copolymers with one polydisperse block [81].
They found that the copolymers with larger polydispersity have
a stronger tendency to form quasi-vesicles, in which the shorter
blocks prefer to locate at the interfaces between solvent-philic and
solvent-phobic blocks to minimize the stretching energy. More-
over, for the case of copolymers with polydisperse solvent-philic
blocks, they concluded that the longer solvent-philic blocks tend to
self-assemble into the outer layer of vesicles, that leads to a change
of the spontaneous curvatures of the bilayers and then the for-
mation of smaller vesicles. Their simulations have demonstrated
the polydispersity-driven segregation mechanism of copolymers
and offered a reasonable explanation for the coexist of vesicles and
micelles observed in experiments [82].

The afore-mentioned studies improve our understanding of the
self-assembly of flexible diblock copolymers in solution. But they
do not take into account the influence of the chain rigidity of
copolymers on the self-assembled structures, an important topic
in polymer science [83–85]. In the early 1990s, Halperin combined
scaling theory with mean-field analysis to predict the equilibrium
micellar structures formed from the rod-coil diblock copolymers
in solvents selective for coil blocks [86]. They predicted that the
micelles with cylindrical cores and extended star-like coronas are
thermodynamic stable at low rod fractions. However, they only
considered the micelles with spherical geometry, and the effect of
van der Waals interactions was  ignored in their investigations for
simplicity. In another theoretical work, Lin et al. extended Flory
lattice theory to study the self-assembly of the rod-coil diblock
copolymers in nonselective solvents [87]. In their extended Flory

lattice model, the free energies contributed from the core-corona
interface and corona region were considered. They found that the
rod-coil copolymers exhibit lyotropic mesophases including lamel-
lar, cylindrical and spherical microstructures when the volumetric
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Fig. 2. (a) Layouts of A8B9 diblock copolymer with the A8 block changing from a rigid
conformation to coil conformation. (b) Typical snapshots of A8B9 copolymer systems
with various percentages of the rigid conformation of A block: (b1) fR = 100%; (b2)
fR = 71.4%; (b3) fR = 42.9%. The blue and green colors are assigned to A and B blocks,
respectively. [89], Copyright 2008. (For interpretation of the references to colour in
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To simulate the change of the molecular weight and the secondary
his  figure legend, the reader is referred to the web version of this article.).

eproduced with permission from the American Chemical Society.

raction of copolymers exceeds a critical value. And they suggested
hat the isotropic to anisotropic phase transition is determined
y the tendency of the rod blocks to form orientational ordered
rrangement.

In a recent study, Lin et al. utilized BD method to investigate
he self-assembled structures and molecular packing of rod-coil
iblock copolymers in solution [88]. In their simulations, the rod-
oil copolymer is modeled as a linear chain consisting of several
eads connecting through bond stretching potential. And the rigid-

ty of the rod blocks is simulated by the harmonic angle bending
otential Uangle(�), represented by a cosine harmonic function of
he orientational angle � defined by three connected beads. Using
his approach, the influence of the segregation strength between
ifferent rod blocks on the micellar structures formed from rod-
oil copolymers has been studied. They found that the disk micelles
ith a smectic-like phase in the solvent-phobic core emerge when

he rod pair interaction strength is strong enough. Moreover, a
ovel string micellar structure with helically packed rod blocks in
he solvent-phobic core was observed in their simulations as the
ecrease of the rod pair interaction strength, that suggests a new
oute to prepare helix superstructures. With further decreasing the
trength of the rod pair interaction, the rod-coil copolymers assem-
led into small aggregates instead of the string micelles. The effect
f chain rigidity on the micellar structures formed from rod-coil
iblock copolymers has been discussed in their further investiga-
ions [89,90]. A series of rod-coil copolymers with various rigid

onformation fractions and rigid portion locations have been con-
tructed, as illustrated in Fig. 2(a). As the decrease of the rigid
onformation fraction, a structural transition from cylindrical to
er Science 75 (2017) 1–30

spherical micelles was observed, as shown in Fig. 2(b). These results
successfully reproduce their experimental observations and sug-
gest that the rigid conformation fraction of the rod-coil copolymers
has an important effect on the self-assembled structures [89].

The block rigidity of rod-coil copolymers also plays a signifi-
cant role in the formation of vesicles. By DPD method, Lin et al.
constructed the morphological phase diagram of rod-coil diblock
copolymers as functions of the length of rod block and the length
of coil block, as shown in Fig. 3(a) [91]. According to the morpholog-
ical phase diagram, they suggested that a short rod block or a weak
rod–rod stacking is in favor of the formation of vesicles because a
strong rod–rod stacking can impede the bending of membrane and
thus the formation of vesicles. By decreasing the rod–rod interac-
tions strength, a smectic-isotropic phase transition has been found
in their simulations, in agreement with the BD simulations per-
formed by Lin and co-workers [88–90]. Moreover, they studied the
fusion between two  vesicles and demonstrated that the membrane
tension �m

0 is significantly important on the fusion process of vesi-
cles. They found that the fusion process of rod-coil vesicles can be
divided into four stages: kissing, adhesion, hemifusion and fusion,
as illustrated in Fig. 3(b). And a high membrane tension was  found
to be in favor of the fusion of the rod-coil vesicles. Their investiga-
tions are meaningful for us to understand the vesicle fusion process
that is ubiquitous in vivo.

Although the above-mentioned simulation techniques have
shown their power in studying the self-assembly of copolymer
solutions, they still have some inherent limitations. For instance,
the size of system that can be simulated by atomistic methods
such as MD is much smaller than that by mesoscopic methods
such as SCFT, and there are few investigations of the self-assembly
of rod-coil block copolymers in solution by field-theoretic meth-
ods because the mathematical treatment of a semi-flexible chain
model is much more complicated than that of a flexible chain
model. Nevertheless, there are many promising routes to get rid
of these limitations. For instance, several SCFT methods with semi-
flexible or wormlike chain model have been developed to study the
phase behaviors of rod-coil copolymer melts [92–94], that can be
extended to rod-coil copolymer solutions in a straightforward way.

3.2. ABA triblock copolymers

Compared with the AB diblock copolymer, the ABA triblock
copolymer has an additional middle block, that has a restricting
effect on the other two  blocks and leads to some complex struc-
tures. For example, Agrawal et al. prepared flower-like micelles
through the self-assembly of poly(lactide-b-ethylene oxide-b-
lactide) (PLA-b-PEO-b-PLA) solutions [95]. In their experiments, the
solvent-phobic PLA blocks act as bridging chains between adjacent
micelles, that leads to an entropic attraction and the formation of
the flower-like micelles. In most simulation models, the ABA tri-
block copolymer can be classified as solvent-(philic-phobic-philic)
(PHP) type and solvent-(phobic-philic-phobic) (HPH) type. In this
subsection, the simulation works about the self-assembly of these
two kinds of ABA triblock copolymers in solution are presented.

The ABA triblock copolymer with PHP sequence can be consid-
ered as a connection of two  amphiphilic AB diblock copolymers by
their solvent-phobic blocks. This imaginary connecting restricts the
chain stretching in solvent-phobic core and results in the formation
of some complex structures. Combining experimental techniques
and SCFT simulations, Lin et al. investigated the self-assembly
behaviors of poly(L-glutamic acid-b-propylene oxide-b-L-glutamic
acid) (PLGA-b-PPO-b-PLGA) triblock copolymers in solution [96].
structure of PLGA blocks, a series of ABA triblock copolymer models
with different values of the block composition fA and the statis-
tical length aA of A blocks have been constructed in their SCFT
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Fig. 3. (a) The morphological phase diagram of rod-coil copolymer RxCy as functions of rod length x and coil length y. (b) The sliced images of the fusion process for vesicles
formed from rod-coil copolymer R5Cy with y = 1, 2, 3. The yellow and red colors are assigned to rod R and coil C blocks, respectively. [91], Copyright 2013. (For interpretation
of  the references to colour in this figure legend, the reader is referred to the web version of this article.)

Reproduced with permission from the Royal Society of Chemistry.

Fig. 4. (a) Morphological phase diagram of PHP type of ABA triblock copolymers as functions of DPD interaction parameters aAS and aBS . [97], Copyright 2010. Reproduced with
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eproduced with permission from the American Chemical Society.

imulations. Their simulations demonstrated that the ABA triblock
opolymers with lower value of fA or aA tend to self-assemble into
esicular structures, coincident with their experimental observa-
ions. In addition to these vesicular structures, the ABA triblock
opolymers can also self-assemble into some complex structures
uch as toroidal micelles and “Y” junctions. He et al. employed DPD
ethod to study these complex microstructures formed from ABA

riblock copolymers with PHP sequence in a dilute solution [97].
hey found that the control of solvent selectivity is crucial to deter-
ine the self-assembled structures of ABA triblock copolymers.

y varying the selectivity of solvents for different blocks, a vari-
ty of microstructures including spherical micelles (S), cylindrical
icelles (C), Y-like junctions (Y), toroidal micelles (TS, TC), vesicles

V) and disk-like membranes (M)  were observed, and a diagram
f different self-assembled structures has been plotted, as shown
n Fig. 4(a). Based on the energetic analysis proposed by Fromherz
98], they suggested that the growth of the surface tension or the

eduction of the bending elasticity of a disk-like membrane can
ead to a structural transition from disk-like membrane to vesicle.
he energy variation underlying the structural transition is help-
PH type of ABA triblock copolymers as functions of the MC interaction parameter

ful in understanding the self-assembly behavior of ABA triblock
copolymers.

Similar to the PHP type of ABA triblock copolymer, the HPH type
of ABA triblock copolymer can be considered as a connection of
two AB diblock copolymers by their solvent-philic blocks. In this
case, the middle solvent-philic blocks can act as bridges when the
two end blocks segregate into different solvent-phobic cores, or
loops when the end solvent-phobic blocks are in the same micelle
[99]. Combining the lattice MC  method with the simulated anneal-
ing technique, Kong et al. systematically investigated the effects
of the volumetric fraction of copolymers cABA and the interaction
parameter between solvents and A blocks εAS on the self-assembled
morphologies formed from HPH type of ABA triblock copolymers
[100]. A rich variety of morphologies including spherical micelles
(S), cylindrical micelles (C), Y-like junctions (Y), toroidal micelles
(T1-T4) and vesicles (V) have been found, as illustrated in Fig. 4(b).
Both loop and bridge conformations of the middle solvent-philic

block have been confirmed in these self-assembled structures. They
addressed that, with increasing the volumetric fraction of copoly-
mers or the length of solvent-philic blocks, the fraction of bridge



1  Polym

c
w

a
m
e
c
o
t
t
t
t
b
t
a
d
a
m
r
i
c
t
t
c
c
o
t
[

e
s
s
t
e
P
u
s
s
m
i
t
t
o
C
p
o
c
i
p
c

s
“
b
p
i
b
T
t
t
h
s
i
p
b
p

0 Q. Zhang et al. / Progress in

hains increases and the formation of flower-like micelles and net-
ork structures is promoted.

Compared with the flexible ABA triblock copolymers, the self-
ssembly behavior of coil-rod-coil ABA triblock copolymers is
ore complicated because of the introduction of bond-bending

nergy in rod blocks. Using DPD method, He et al. studied the
hain packing in toroidal micelles assembled from the PHP type
f coil-rod-coil triblock copolymers [101]. They demonstrated that
he solvent-phobic rod blocks adopt extended conformations in
oroidal micelles, that strongly affects the shape and size of the
oroidal micelles. In a recent work, Li et al. utilized BD method
o investigate the effect of rod–rod attraction strength and the
lock asymmetry of the PHP type of coil-rod-coil copolymers on
heir self-assembly behaviors [102]. With decreasing the rod–rod
ttraction strength, the structural transitions from smectic-like
isks (Fig. 5(a1)) to string micelles (Fig. 5(a2)) and then to small
ggregates have been observed. Based on their BD simulations, a
orphological phase diagram as functions of rod length m and

od–rod attraction strength εRR has been constructed, as shown
n Fig. 5(b). It has been found that, compared with the symmetric
oil-rod-coil triblock copolymers and rod-coil diblock copolymers,
he asymmetric coil-rod-coil copolymers are more likely to form
he long string micelles. Furthermore, they demonstrated that the
oil-rod-coil copolymers suffer a larger loss of chain configuration
ompared with the rod-coil copolymers, that leads to a higher value
f rod–rod attraction strength εRR for structural transitions. Some of
heir results are in good agreement with experimental observations
103–105].

The block rigidity of triblock copolymers also has an important
ffect on the formation of vesicles. For example, Iatrou et al. demon-
trated that the triblock polypeptides with rigid middle block can
elf-assemble into vesicles with monolayer membrane more easily
han the diblock polypeptides [106]. Employing DPD method, Lin
t al. investigated the self-assembled structures formed from the
HP type of coil-rod-coil triblock copolymers with different molec-
lar architectures [107]. In their simulations, a faceted vesicular
tructure that has never been reported in previous experiments or
imulations was observed. They also demonstrated that, for sym-
etric coil-rod-coil copolymers CmRxCm, the formation of vesicles

s restricted to the regions of short coil and rod blocks because
he alignment among rod blocks is unfavourable to the forma-
ion of vesicles, as illustrated in Fig. 6(a). To elevate the formation
f vesicles, they constructed a model of coil-rod-coil copolymer
m(RxTy)Cm with a solvent-phobic T-block grafted on the solvent-
hobic rod block. Since the side T-block undermines the alignment
f rigid blocks and improves the crowdedness of the solvent-philic
orona, the parameter region suitable for the formation of vesicles
s greatly enlarged, as shown in Fig. 6(b) and (c). Their simulations
rovide guidance on the molecular design for the vesicle-forming
opolymers.

The simulation works presented in this subsection demon-
trate that various complex structures such as toroidal micelles,
Y” junctions and faceted vesicles can be formed from ABA tri-
lock copolymers. The asymmetry of molecular architecture has
roven to be influential to the self-assembled morphology. It can be

nferred that, as the increase of the block number, the self-assembly
ehavior of linear block copolymers would be more complicated.
herefore, there is an urgent need to use theoretical simulation
echniques to assist the experimental studies. Both particle-based
echniques [97,98,100–107] and field-theoretical methods [96]
ave been successfully applied to help experimentalists in under-
tanding their observations. An example in this subsection is the

nvestigation combined experiments with SCFT simulations pro-
osed by Lin and co-workers [96]. In the future, the collaboration
etween simulations and experiments is a promising way to pre-
are advanced materials from “bottom-up” approaches. However,
er Science 75 (2017) 1–30

the interaction potential in simulations should be modified to sim-
ulate the specific systems in experiments, that requires further
developments of the mapping techniques [19–21].

3.3. ABC triblock copolymers

As a kind of copolymers consisting of three immiscible compo-
nents, ABC linear triblock copolymers have the ability to generate a
rich variety of multicompartment micelles comprising a solvent-
philic shell and a segregated solvent-phobic core. For instance,
Gohy et al. reported the core-shell-corona micellar structures self-
assembled from poly(styrene-b-2-vinylpyridine-b-ethylene oxide)
(PS-b-P2VP-b-PEO) in aqueous solution [108]. As another example,
Ma et al. have prepared the bumpy-surfaced multicompartment
micelles through the self-assembly of poly(styrene-b-butadiene-b-
2-vinylpridine) (PS-b-PB-b-P2VP) triblock copolymers in solvents
selective for P2VP [109]. However, due to the wide parameter space
of the ABC triblock copolymer solutions, it is still a challenge for
experimental researchers to explore all the supramolecular struc-
tures formed from the ABC triblock copolymers and reveal the
underlying self-assembly principles. Several simulation techniques
including SCFT [109–112], DPD [113–120] and MC  [121–123] have
been applied to study the self-assembly of ABC triblock copolymers
in solution. Similar to the ABC triblock copolymers, the ABC triblock
copolymers can be classified as PHH, HPH and PHP types accord-
ing to the solvent selectivity. In the present subsection, the recent
simulations of all the three types of ABC triblock copolymers have
been featured.

The PHH type of ABC triblock copolymers can self-assemble
into a rich variety of multicompartment micelles including core-
shell-corona micelles [108,124–126] and raspberry-like micelles
[127–130]. The mechanism underlying the formation of these mul-
ticompartment micelles is an important topic in this field. Using
DPD method, Jiang et al. studied the structural evolution from
concentric core-shell-corona micelles to raspberry-like multicom-
partment micelles formed from the ABC triblock copolymers in
A-selective solvents [113]. The length and the solubility of B blocks
were found to be crucial to the formation of raspberry-like micelles.
From the thermodynamic aspect, they proposed two mechanisms
about the formation of raspberry-like micelles, as illustrated in
Fig. 7(a). The formation of B-bump-C micelles is entropy-driven
and occurs when the length of B blocks is short, whereas the forma-
tion of C-bump-B micelles is enthalpy-dominated and takes place
when the solubility of B blocks is relative low. In another work,
Ma et al. studied the raspberry-like micelles formed from ABC tri-
block copolymers both in simulations and experiments [109,110].
The raspberry-like micelles observed in experiments were suc-
cessfully reproduced in their SCFT simulations. Furthermore, they
found that the energy from entropy of the spherical raspberry-like
micelle (�BSN = 50) is markedly higher than that of the cylindrical
raspberry-like micelle (�BSN = 35), as shown in Fig. 7(b). And the
interfacial energy of the spherical raspberry-like micelle is con-
siderably lower than that of the cylindrical raspberry-like micelle.
Their SCFT calculations indicated that the morphology of raspberry-
like micelle is determined by the competition between the enthalpy
and entropy, in line with the mechanisms presented by Jiang and
co-workers [113].

In addition to the PHH type of ABC triblock copoly-
mers, the HPH type of ABC triblock copolymers are also
able to self-assemble into hierarchical structures. For instance,
Laschewsky et al. reported the raspberry-like micelles formed from
poly(1H,1H,2H,2H-perfluorodecyl acrylate-b-oligoethylene glycol

acrylate-b-2-ethylhexyl acrylate) (PFDA-POEGA-PEHA) terpoly-
mers [128]. In a recent SCFT simulation, Wang et al. investigated
the self-assembly of ABC triblock copolymers in solvents selective
for the middle blocks [112]. A variety of microstructures including
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Fig. 5. (a) Typical snapshots of coil-rod-coil A6B6A6 copolymer systems with various values of rod–rod attraction strength εRR: (a1) εRR = 3.5; (a2) εRR = 3.0. The green and red
colors  are assigned to coil A and rod B blocks, respectively. (b) Morphological phase diagram of coil-rod-coil A6B6A6 copolymers as functions of rod–rod attraction strength
εRR and rod length m.  [102], Copyright 2011. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Reproduced with permission from the American Institute of Physics.

Fig. 6. (a) The morphological phase diagram of symmetric CmRxCm copolymers as functions of rod length x and coil length m. (b) The morphological phase diagram of
T-tethered symmetric Cm(RxT1)Cm copolymers. (c) The morphological phase diagram of T-tethered symmetric Cm(RxT2)Cm copolymers. [107], Copyright 2014.

Reproduced with permission from the Royal Society of Chemistry.
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ig. 7. (a) Sketch of morphological evolutions of multicompartment micelles forme
ermission from the American Chemical Society. (b) The free energy of raspberry-li

eproduced with permission from the American Chemical Society.

pherical micelles with A and C helix-like cores (HHS), spherical
icelles with A and C disk-like cores (DDS), cylindrical micelles
ith A ring-like core and C disk-like core (RDC), cylindrical micelles
ith A and C ring-like cores (RRC), cylindrical micelles with A

pherical core and C cylindrical core (SCC), spherical micelles with
 and C spherical cores (SSS) and special vesicles with A tube-

ike core (SV) have been observed. And a triangular morphological

hase diagram as functions of the block composition of each block
as been summarized, as represented in Fig. 8(a). In their simu-

ations, the compartmentalized raspberry-like micelles reported
y Laschewsky et al. [128] have been confirmed. Moreover, an
 ABC copolymers in A-selective solvents. [113], Copyright 2011. Reproduced with
celles as a function of �BSN calculated by SCFT. [109], Copyright 2009.

interesting finding in their investigations is the double-stranded
superhelix structure in which the A and C blocks form alternate
helices and the B blocks organize into the shell, as shown in Fig. 8(b).
Based on the free energy calculations, the thermodynamic sta-
bility of the superhelix structure has been confirmed, as shown
in Fig. 8(c). Through a detailed energy analysis of the interaction
enthalpy and the configurational entropy, they demonstrated that

the formation of superhelix is beneficial to the relaxation of chain
stretching but results in unfavourable interaction enthalpies. These
theoretical simulations of the HPH type of ABC triblock copolymers
offer guidance for preparing multicore micelles.
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Fig. 8. (a) Triangular morphological phase diagram of the HPH type of ABC triblock copolymers as functions of the block compositions of the A, B and C blocks (fA , fB and fC).
(b)  The double-stranded superhelix structure with diameters of approximately 4.7Rg and a pitch of approximately 4.0Rg . (c) The plots of free energy F, configurational entropy
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 and internal energy U as a function of �BSN for various microstructures. The blue, r
 blocks, respectively. [112], Copyright 2011. (For interpretation of the references t

eproduced with permission from the Royal Society of Chemistry.

In contrast to the ABC triblock copolymers containing two
olvent-phobic blocks, the PHP type of ABC triblock copolymers
s unable to form micellar structures with hierarchical solvent-
hobic core. Instead, they tend to self-assemble into micellar
tructures with separated solvent-philic domains. Among the vari-
us microstructures formed from the PHP type of ABC copolymers,
he vesicular structures with asymmetric membranes have drawn

 lot of attention due to their potential biomedical applications
131–134]. Using lattice MC  simulations, Cui et al. investigated
he asymmetric vesicles formed from the PHP type of ABC copoly-

ers [121]. In their simulations, the partial-reptation algorithm
as adopted to enhance the efficiency of the evolution of the chain

onfiguration. They found that the asymmetric three-layer vesicles
an be formed when the incompatibility between the two kinds of
olvent-philic blocks is strong. They also demonstrated that the dis-
ribution of the solvent-philic blocks can be controlled by changing

he selectivity of solvents and the length of solvent-philic blocks. In

 further investigation of these asymmetric vesicular structures, Li
t al. performed DPD simulations to study the structural transitions
mong different vesicular structures formed from the PHP type
 green colors are assigned to solvent-phobic A, solvent-philic B and solvent-phobic
ur in this figure legend, the reader is referred to the web version of this article.)

of ABC copolymers [116]. Through adjusting the DPD interaction
parameters aAA and aCC, the influence of spontaneous membrane
curvature on the shape of vesicles was investigated. By comparing
their simulation results with the spontaneous curvature model pro-
posed by Herfrich [135], they derived the functional dependence
of the reduced membrane curvature C0 of the vesicles on the dif-
ference of DPD interaction parameters �a  = aAA − aCC, as shown in
Fig. 9(a). Additionally, by changing the value of �a, various vesic-
ular structures have been observed, as shown in Fig. 9(b). It was
found that the spherical vesicle transform into oblate or prolate
vesicle when the value of �a  is relative small, in agreement with
the theoretical predictions of Markvoort [136]. Furthermore, on the
basis of the oblate or prolate shape, the range of vesicular structures
grows larger and new shapes appear with increasing �a. Their find-
ings reveal a reasonable mechanism about the shape transition of
vesicles and provide guidance to control the shape of vesicles in

experiments.

The above simulations have significantly advanced our under-
standing of the self-assembly behaviors of ABC triblock copolymers
in solution. Specially, the free energy analysis proposed by Wang
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Fig. 9. (a) Relation between the spontaneous curvature C0 of the vesicle membrane
and the DPD interaction parameters �a  = aAA − aCC obtained from DPD simulations.
(b)  Morphological transition of vesicles formed from the PHP type of ABC copoly-
mers. The value of �a  is positive in the upper half and negative in the lower half.
The red, green, blue colors are assigned to solvent-phobic B blocks, solvent-philic A
blocks and solvent-philic C blocks, respectively. [116], Copyright 2009. (For inter-
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Fig. 10. Schematic representation of two vesicle formation mechanisms observed
in  the self-assembly process: (a) the mechanism of coalescence; (b) the mechanism
of  growth. [153], Copyright 2007.
retation of the references to colour in this figure legend, the reader is referred to
he web version of this article.)

eproduced with permission from the American Chemical Society.

t al. has enhanced our knowledge about the thermodynamic
echanism underlying the structural transition between differ-

nt self-assembled structures [112]. However, the Helmholtz free
nergy adopted in their simulations should be employed to describe
n entire macroscopic system and is unsuitable to represent a dilute
olution system. To solve this problem, Wang et al. subsequently
roposed an improved method to explore the free energy land-
cape of polymer solutions [137]. This is referred in section 4 of
his review, where the self-assembly of graft copolymer solutions
s considered.

.4. Self-assembly kinetics of linear block copolymers

The above sections focus on the influence of thermodynamic fac-
ors, such as the incompatibility between different components, on
he self-assembled structures formed from linear block copolymers
n solution. However, the self-assembly behaviors of copolymers
re determined by not only the thermodynamic factors but also
he self-assembly kinetics. In an ideal situation, the morphology of
opolymer assemblies can be altered not by changing the molecu-
ar parameters of copolymers but through controlling the sample

reparation process [138,139]. Furthermore, the careful control
f the self-assembly pathway can allow for the creation of some
on-equilibrium structures, helpful for us to understand the self-
ssembly processes happened in organisms [140–142]. In order
Reproduced with permission from the American Institute of Physics.

to take full advantage of these possibilities, one needs an in-
depth understanding of the self-assembly kinetics of copolymers
in solution. Over the past decades, some experimental techniques
including time-resolved dynamic light scattering (DLS), small-
angle neutron scattering (SANS) and X-ray scattering (SAXS) have
been applied to study the formation kinetics of vesicles, and an
intermediate state consisting of disk-like micelles were captured
[143,144]. As an efficient and economic alternative, theoretical
modeling and simulation are powerful for studying the formation
kinetics of self-assembled structures. The kinetics of the micelliza-
tion of block copolymers have been reviewed elsewhere [145]. In
this subsection, we  focus on the formation kinetics of vesicles and
some complex micellar structures formed from linear block copoly-
mers. The influence of the volumetric fraction of copolymers, the
solvent selectivity and the hydrodynamic force on the formation
pathway of the self-assembled structures is discussed in detail.

Among the various assemblies formed from copolymers in solu-
tion, the vesicular structures have attracted tremendous attention
due to their biological significance [146,147]. Several computer
simulation methods have been fruitfully applied to investigate
the formation process of a vesicle. Two  formation mechanisms of
vesicles including mechanism of coalescence [148–150] and mech-
anism of growth [151–153] were found in these simulations, as
shown in the schematic of Fig. 10. For the mechanism of coales-
cence, the vesicles are formed as follows: firstly, the amphiphilic
block copolymers aggregate into small spherical micelles; then the
micelles coalesce to bilayer membranes (or oblate micelles); finally,
the bilayers bend and close up to form a vesicle. For the mechanism
of growth, the small micelles do not coalesce but simply grow to
quasi-vesicles (big micelles with a solvent-philic core) and then the
vesicles. In these simulations, it has been found that several factors
such as the volumetric fraction of copolymers and the solvent selec-
tivity are crucial to control the formation pathway of vesicles. Using
lattice dynamic MC  simulations, Huang et al. studied the influ-
ence of solvent selectivity on the formation process of the vesicles
self-assembled from AB diblock copolymers [154]. In their simula-
tions, an improved bond fluctuation model with the bond length
between sequentially linked beads from 1 to 3 has been adopted
to describe the copolymer solutions. The solvent selectivity char-
acterized by the interaction parameter between solvent-phobic B
beads and solvents εBS was found to be a key factor to control the
formation pathway of vesicles. For a small εBS, the mechanism of

coalescence has been observed. While for a large εBS, the vesicle
was found to be formed through the mechanism of growth. They
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lso demonstrated that the size of vesicles can be regulated through
he incompatibility between solvent-phobic B beads and solvents.

The formation pathway of the self-assembled structures is
lso affected by the volumetric fraction of copolymers. He et al.
mployed EPD method to study the structural formation kinetics of
mphiphilic AB diblock copolymers in solution [151,152]. In their
imulations, the incompatibility among different blocks and sol-
ents are characterized by the Flory-Huggins parameters �IJ, and
he volumetric fraction of copolymers cAB is a conserved quantity.
he morphological phase diagram of final self-assembled struc-
ures including vesicles (V), ring-like micelles (T1), toroidal micelles
T2) and mixture of rod-like and spherical micelles (RS) as functions
f the volumetric fraction of copolymers cAB and the solvent affin-
ty strength of solvent-philic B blocks �BS has been constructed, as
hown in Fig. 11(a). In addition, they found that the formation path-
ay of self-assembled structure depends on the values of cAB and
BS. As illustrated in Fig. 11(a), for each self-assembled structure,

he dashed line separates different regions where the structure for-
ation proceeds along different pathways: pathway of coalescence

n the regions RS1 and V1, pathway of growth in the regions RS2,
2, T1 and T2. Furthermore, as illustrated in Fig. 11(b), they found

hat the incubation times �* of different micellar structures fol-
ow a single power law function of 1/�*=A(�BS−�*)˛, where the
xponent  ̨ ≈ 1.25 and �*(cAB)=1.3−11cAB. In their EPD simulations,
his power law behavior has been verified in a wide range of cAB
egardless of the type of the final structure and the related forma-
ion pathway, that indicates that the characteristics of the initial
tage of self-assembly are universal and can be explained by the
pinodal-type instability. Their simulations showed that the EPD is

 powerful method to study the self-assembly kinetics of copolymer
ystems. Based on their simulations, several methods have been
roposed to control the kinetic traps in the self-assembly process
nd the final self-assembled structures [155].

Although the EPD method is approximately valid to simulate the
ouse-type chain dynamics [47,62], it neglects the effect of hydro-
ynamic interactions. The long-range hydrodynamic interactions
ave been confirmed to be able to influence the formation kinetics
f the ordered microstructures in melts [156,157]. Nevertheless,
or the copolymers in solution, the effect of hydrodynamic inter-
ctions on the self-assembly kinetics is still unclear. In a recent
ork, Zhang et al. proposed a hybrid numerical method that com-

ines the lattice Boltzmann method with the dynamic SCF method
o study the influence of hydrodynamic interactions on the forma-
ion process of vesicles in diblock copolymer solutions [158]. In
heir simulations, the dynamic SCF equations are solved through

 finite difference scheme [159–161], and the continuity equation
nd the Navier-Stokes equations are solved through the multiple-
elaxation-time lattice Boltzmann method [162,163]. As presented
n Fig. 12(a) and (b), by calculating the time evolution of the free
nergy density �0F/(kBTV)  and the segregation parameter S, they
emonstrated that the hydrodynamic interactions significantly
elp the system overwhelm the free energy barriers and achieve
he final equilibrium state. They also found that the accelerating
ffect of the hydrodynamic interactions is stronger for systems with
maller shear viscosity s. In addition to the accelerating effect,
he hydrodynamic interactions also contribute to determining the
ormation pathway of vesicles. In their simulations, the forma-
ion pathway of coalescence has been observed in systems without
ydrodynamic flows, and the formation pathway of growth was
bserved when the convective flow was turned on, as illustrated
n Fig. 12(c) and (d). Through the Minkowski functional analysis
f the self-assembled structures [164], they concluded that the

pherical intermediates are favored when hydrodynamic interac-
ions exist, that explains the preference of the formation pathway
f growth. Furthermore, they investigated the effect of hydrody-
amic interactions on the fusion of vesicles. The typical stake-pore
er Science 75 (2017) 1–30

fusion mechanism has been observed [165], and the fusion process
was found to be accelerated by the hydrodynamic interactions.

In the field of self-assembly of copolymers in solution, an
important issue is how to control the formation pathway of the
self-assembled structures by adjusting the molecular parameters
or changing the experimental conditions. The above-cited simu-
lation techniques including the particle-based methods and the
field-theoretical methods have been successfully applied to study
the influence the volumetric fraction of copolymers, the solvent
selectivity and the hydrodynamic force on the formation pathway
of the self-assembled structures. Nevertheless, the effect of block
rigidity on the self-assembly kinetics of copolymer solutions has
been ignored in existing simulations. Furthermore, a future topic
in this field is to prepare hierarchical superstructures from linear
copolymer assemblies through a way  similar to the polymeriza-
tion reaction. For example, the “colloidal polymer” formed from the
assemblies of linear ABC copolymers has been reported by Gröschel
and co-workers [166]. However, it is still a challenge to measure the
“reaction kinetics” of this process by experimental techniques. The
theoretical simulation provides a powerful tool to investigate the
underlying mechanism and establish the “reaction kinetics” of this
“colloidal polymerization” process.

4. Self-assembly of graft copolymers

Similar to linear copolymers, the self-assembly of graft copoly-
mers in solution is also dominated by the competition between the
chain stretching energy in the core, the interfacial energy and repul-
sion energy among coronal chains [71]. However, the branched
architecture makes the self-assembly behaviors of graft copoly-
mers more complicated. For example, some distinct properties such
as the worm-like behavior, seldom observed in the linear copoly-
mer  systems, can be found in graft copolymer systems [167]. These
unusual self-assembly behaviors of graft copolymers offer oppor-
tunities for new applications possible and have drawn tremendous
attention. The self-assembly of graft copolymers in solution can be
conceived as below: on one hand, the phase separation between
side chains and backbone occurs at each grafting position; on
the other hand, the backbone interconnects the local structures
together into the final structures, sometimes hierarchical struc-
tures. In this section, the simulations of the intramolecular and
intermolecular self-assembly of AB graft copolymers are presented.
In particular, the hierarchical vesicular structures formed from graft
copolymers and the corresponding formation kinetics are discussed
in detail.

4.1. AB graft copolymers

Graft copolymers can self-assemble into both intramolecu-
lar and intermolecular assemblies in selective solvents. Through
MD simulations and scaling theory, the intramolecular structures
formed from amphiphilic graft copolymer with solvent-phobic
backbone have been studied by Kosovan and co-workers [168]. In
their simulations, the “pearl-necklace” assemblies resulted from
the competition between the repulsive and attractive intramolec-
ular interactions have been found. And they demonstrated that
the size of pearls can be regulated by adjusting the intramolecu-
lar interactions among grafts. However, their simulations assumed
that the solution of graft copolymers is infinite dilute so that inter-
molecular interactions can be neglected, unsuitable in most cases.
Zhang et al. performed SCFT calculations on the intermolecular

assemblies formed from AB graft copolymers in solution [169].
In their simulations, the graft copolymers with solvent-phobic
backbone and solvent-philic backbone are considered. Various
microstructures including spherical micelles, cylindrical micelles,
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Fig. 11. (a) Morphological phase diagram of final self-assembled structures formed from AB diblock copolymers as functions of the solvent affinity strength of the solvent-
philic  B blocks �BS and the volumetric fraction of copolymers cAB . (b) Inverse incubation time 1/�* as a function of �BS for different volumetric fractions of copolymer. [152],
Copyright 2008.

Reproduced with permission from the American Physical Society.

Fig. 12. Time evolution of (a) the free energy density �0F/(kBTV)  and (b) the segregation parameter S during the quenching process of AB diblock copolymers in solution.
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eproduced with permission from the American Chemical Society.

arge compound micelles and vesicles have been observed. It was
ound that the architectural parameters, such as the graft density
nd the location of graft points, have a significant influence on the
ntermolecular assemblies formed from AB graft copolymers. This
tructural transition induced by architectural parameters has also
een observed by Qi et al. through a three-dimensional DFT simula-
ion [170]. Moreover, several complex structures including toroidal

icelles, cage-like micelles and “sphere-in-vesicle” nanostructures
ave been found. The simulations carried out by Qi and co-workers
onfirmed the ability of AB graft copolymers to self-assemble into
omplex micellar structures.

In addition to the complex micellar structures, the AB graft
opolymers are also capable to self-assemble into hierarchical vesi-

les such as the multilamellar vesicle (MV). Using DPD method,
hang et al. studied the self-assembly behaviors of graft copoly-
ers in solvents selective for side chains [171]. Fig. 13(a) illustrated
entative snapshots during the formation process of a vesicle: (c) the hydrodynamic
e of 10800�. [158], Copyright 2011.

the influences of the volumetric fraction of copolymers c and the
solvent affinity strength of solvent-philic A blocks aAS on the self-
assembled structures. They demonstrated that the total number
of layers in MV  increases with increasing the volumetric fraction
of copolymers. Additionally, it has been found that the side chain
length y and the gap length between adjacent side chains g strongly
affect the thickness and the total number of the solvent-phobic
layers in MV,  as presented in Fig. 13(b). Their results successfully
reproduced the experimental observations reported by Li and co-
workers [172]. However, neither their simulations nor relevant
experiments have confirmed the thermodynamic stability of MV
formed from AB graft copolymers. Recently, Wang et al. utilized
SCFT to validate the thermodynamic stability of the hierarchi-

cal vesicles formed from AB graft copolymers in solution [137].
Through the grand canonical ensemble SCFT calculations, Wang
et al. calculated the excess grand free energy �G=(G−Ghomo) of the



16 Q. Zhang et al. / Progress in Polymer Science 75 (2017) 1–30

Fig. 13. (a) Morphological phase diagram of B11-g-(A4)3 copolymers as functions of the volumetric fraction of copolymers c and the solvent affinity strength of solvent-philic
A  blocks aAS . (b) Morphological phase diagram and characteristic snapshots of B11-g-(Ay)n copolymers at c = 0.05 and aAS = 29 as functions of the side-chain length y and the
gap  length g. The red and yellow colors are assigned to solvent-philic A side chains and solvent-phobic B backbones, respectively. [171], Copyright 2013. (For interpretation
of  the references to colour in this figure legend, the reader is referred to the web version of this article.)

Reproduced with permission from the American Chemical Society.

Fig. 14. Excess grand free energy of the graft copolymer systems containing MV as
a  function of the simulation box size which corresponds to the associated number of
AB  graft copolymers. The red arrow features the global minimum value of the excess
grand free energy. [137], Copyright 2013. (For interpretation of the references to
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eproduced with permission from the Royal Society of Chemistry.

ierarchical vesicle systems, where Ghomo is the grand free energy
f homogenous solution. In their simulations, the excess grand free
nergy of the graft copolymer solutions as a function of the asso-
iated number of graft copolymers has been calculated, as shown
n Fig. 14. The microstructures are labeled by MVn  where n repre-
ents the number of bilayers: n=0.5 means a micelle, n=1.0 means a
nilamellar vesicle, n=1.5 means a MV comprising a micelle within

 unilamellar vesicle, and so on. They found that the MV  structures
ave lower excess grand free energy than spherical micelle and
nilamellar vesicles when the associated number of graft copoly-
ers is high enough. Their SCFT calculations suggested that the
ultilamellar vesicle MV3.5 (one micelle within three concentric

esicles) possesses a global minimum excess grand free energy, as
ndicated by the red arrow in Fig. 14. Furthermore, they demon-
trated that, for systems far beyond critical micelle concentration
CMC), the AB graft copolymers self-assemble into transient aggre-
ates without the process of overcoming an activation barrier, in

onsistent with the argument about linear amphiphilie systems
roposed by Besseling and co-workers [173]. The above investiga-
ions indicate that the AB graft copolymer solutions are promising
ystems with capability to prepare stable hierarchical vesicles.
When the AB graft copolymer comprises a rigid backbone, some
special types of graft copolymer including T-shaped copolymer,
that consists of a rigid backbone and one side chain, and �-shaped
copolymer, that consists of a rigid backbone and two side chains, are
formed. Employing BD method, Kim et al. investigated the micel-
lar structures formed from T-shaped graft copolymers in solvents
selective for the flexible side chains [174]. In their simulations, the
structural transitions from spherical micelles to cylindrical micelles
then to wire-like micelles were observed through increasing the
rigidity of the backbone. By DPD simulations, Chen et al. reported
the various microstructures generated by �-shaped copolymers
in solution [175]. They found that the distance between junction
points affects the steric repulsion between micelles and then the
morphology of assemblies. By tailoring the distance between junc-
tion points and the interaction parameters between the coil and
rod blocks, the cage-like micelles and network structures that have
potential applications in drug delivery can be formed.

Through simulations, the influences of molecular architecture,
solvent selectivity and chain rigidity on the self-assembly of graft
copolymer solutions have been studied. Moreover, and the thermo-
dynamic stability of the hierarchical vesicular structures has been
confirmed by theoretical simulations. These simulations demon-
strated that the graft copolymer systems are promising candidates
to prepare hierarchical structures. However, the self-assembly
behaviors of graft copolymers with rigid blocks as backbone or
side chains are still not well studied. For example, the rod-coil
poly(�-benzyl-L-glutamate-g-ethylene glycol) (PBLG-g-PEG) graft
copolymers are found to be capable of forming connected-spindle
through a hierarchical self-assembly strategy [176]. The underlying
mechanism of this novel structure is still unclear, and the theo-
retical simulation may  provide an opportunity to investigate this
superstructure.

4.2. Self-assembly kinetics of graft copolymers

As a type of branched copolymers in which the grafts are
chemically distinct from the backbone, even the simplest AB graft
copolymers can self-assemble into hierarchical structures. The
hierarchical structures formed from the graft copolymers, such as

the multilamellar vesicle mentioned in section 4.1, have attracted
great attention because of their biological significance. However,
there exist many confusing issues about the formation kinet-
ics of these hierarchical structures. For instance, does the phase
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Fig. 15. (a) Formation pathway of the multilamellar vesicle: (a1) t = 10000; (a2) t = 50000; (a3) t = 80000; (a4) t = 2000000. (b) Formation pathway of the large-compound
vesicle: (b1) t = 10000; (b2) t = 90000; (b3) t = 180000; (b4) t = 2000000. The green and red colors are assigned to the solvent-philic backbones and solvent-phobic graft arms,
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eproduced with permission from the Royal Society of Chemistry.

eparations of the large-length-scale and the small-length-scale
ccur simultaneously, and how to prepare the desired hierarchical
tructures through a control over the self-assembly kinetics? Con-
idering the similarity between hierarchical vesicle and biological
ells, the answers for these issues may  help us to understand the
hysiology of multicell organisms.

In a recent work, Wang et al. utilized DPD method to study the
ormation process of hierarchical vesicles formed from AB graft
opolymers [137]. They found that, accompanied by the forma-
ion of multiple metastable structures, the hierarchical vesicles
ncluding multilamellar vesicles (Fig. 15(a)) and large-compound
esicles (Fig. 15(b)) are formed through a hierarchical pathway.
t the beginning of the formation process of hierarchical vesicles,

he graft copolymers self-assemble into unilamellar vesicles, sim-
lar to the linear block copolymers. Then the unilamellar vesicles
row into multilamellar sub-vesicles with less bilayers or coalesce
nto small compound sub-vesicles, analogous to the process of cell
usion observed in organisms. The growth or coalescence of these

etastable sub-vesicles continues until the system achieves its
quilibrium state, as illustrated in Fig. 15(c). By calculating the
xcess grand potential of the hierarchical vesicles, the multiple
etastable states in the formation process of hierarchical vesi-

les have been confirmed. They suggested that these metastable
tates lead to the hierarchical formation process of the hierarchi-
al vesicles. This is an important example of investigation about
he formation kinetics of hierarchical vesicles, that provides use-
ul information for a further understanding of the hierarchical

tructures. Due to the hierarchical property of biological cells, the
ormation kinetics of hierarchical vesicles may  help us to explore
he fusion and fission of biological cells.
ation kinetics of the hierarchical vesicles. [137], Copyright 2013. (For interpretation
of this article.)

5. Self-assembly of copolymers with complex architectures

In the past decades, the advanced synthetic techniques allow-
ing for the synthesis of the copolymers with complex architectures,
such as star-like copolymers [177], dendritic copolymers [178,179]
and bottle-brush copolymers [180], have been rapidly matured.
A lot of attention has been paid on these copolymers because
they exhibit many distinct properties compared with linear block
copolymers and graft copolymers. Several simulation techniques
have been applied to investigate the self-assembly of these copoly-
mers in solution. In the present section, the simulations of the
star-like copolymers including AnBn, AnBm, (AB)n and ABC star-
like copolymers, the dendritic copolymers and the bottle-brush
copolymers are featured.

5.1. Star-like copolymers

Star-like copolymers are branched macromolecules consisting
of several linear arms jointing at one junction point. Depending on
the topological structure of arms, star-like copolymers are classified
into symmetric AnBn and asymmetric AnBm heteroarm copolymers,
(AB)n blockarm copolymers and ABC heteroarm copolymers. Some
unique properties and associated applications of star-like copoly-
mers have been discussed in a number of experimental studies.
For instance, the star-like copolymers have hydrodynamic radii
smaller than those of the linear copolymers with identical molec-

ular weights [181], important for avoiding unnecessary uptake by
the reticuloendothelial system in drug delivery [182]. To elucidate
these experimental observations and understand the self-assembly
behaviors of star-like copolymers in solution, Havránková et al.
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Fig. 16. (a) Morphological phase diagram of the AB2 star-like copolymers as func-
tions of the block composition of A arms fA and the solvent selectivity of A arms aAS .
(b)  The average end-to-end distance dA of A arms as a function of aAS . The dA is evalu-

ated as dA = 1
MP

MP∑
i=1

|ri˛[A] − riˇ[A]|, where MP is the number of AB2 copolymer chains

in  the system, ri˛[A] and riˇ[A] are the positions of the first bead and the last bead of
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he  A group in the i-th molecule, respectively. (c) The relative ratios of contraction
nd  expansion dA/dREF

A
of A arms as a function of aAS . [187], Copyright 2011.

eproduced with permission from the American Institute of Physics.

eveloped a new variant of MC  algorithm to study the self-assembly
f symmetric AnBn star-like copolymers in solution [183–185]. It
as found that the association number of the micelles formed from

he AnBn star-like copolymers with longer arms is higher. Further-
ore, they confirmed that the CMC  of the star-like copolymers is
uch higher than that of the linear copolymers. This conclusion

oincides with the experiments carried out by Yun et al. [186], in
hich the CMC  of linear poly(isobutylene-b-methyl vinyl ether)

lock copolymers measured at 23 ◦C is found to be lower than that
f the star-like counterparts.

For asymmetric AnBm star-like copolymers, the length of arms
as a profound influence on their self-assembly behaviors in solu-
ion. Han et al. utilized DPD method to study the effect of the arm
ength and the solvent selectivity for A blocks on the assemblies
ormed from AB2 star-like copolymers [187]. Fig. 16(a) shows the

orphological phase diagram of AB2 star-like copolymers, divided
nto regions of solvent-philic A (aAS ≤ 25) and solvent-phobic A
aAS > 25). In the solvent-philic A regions, they found that the
ncrease of the length of A arms can lower the interfacial ten-
ion between solvents and solvent-phobic core and then lead to
he structural transition from bilayers or vesicles to cylindrical

r spherical micelles. On the other hand, in the solvent-phobic A
egions, the interfacial tension increases with increasing the length
f A arms. In particular, multi-layered micelles were observed when
AS > 30. To investigate the dependence of the effective volume of A
er Science 75 (2017) 1–30

groups on the length of A arms, they calculated the average end-to-
end distances of A groups and the relative ratios of contraction and
expansion, as shown in Fig. 16(b) and (c) respectively. They found
that, with increasing the length of A arms, the values of the effec-
tive volume of the A groups take a wider range and more diverse
morphologies appear. Based on these results, they concluded that
the AB2 molecules with short solvent-philic A arms have a superior
vesicle-forming tendency, that provides an important guidance for
the synthesis of vesicle-forming copolymers.

Another typical star-like copolymer is the (AB)n or (BA)n

blockarm copolymer. For these star-like copolymers, the block
sequence of arms has a great influence on the resulting mor-
phologies. Using DPD method, Sheng et al. investigated the
intramolecular and intermolecular self-assembly of (AB)n and
(BA)n star-like copolymers in solvents selective for A blocks [188].
They found that the tendency of (AB)n and (BA)n star-like copoly-
mers to form intermolecular aggregates is determined by their
intramolecular conformations. For (BA)n star-like copolymers with
solvent-phobic B blocks as inner section, the solvent-phobic B
blocks collapse into the core surrounded by the corona formed from
the solvent-philic A blocks, that hinders the formation of the inter-
molecular assemblies. In contrast to the (BA)n star-like copolymers,
the (AB)n star-like copolymers with solvent-philic A blocks as inner
section tend to form intramolecular structures with a few exposed
solvent-phobic B domains, that subsequently leads to the inter-
molecular assembly. In addition, various supramolecular structures
including multicore micelles, segmented worm-like micelles and
core-lump micelles can be found in systems of the (AB)n star-like
copolymers. These results suggest that the intermolecular assem-
bly of blockarm star-like copolymers can be controlled by adjusting
the block sequence of arms.

The ABC heteroarm copolymers with three incompatible
arms are able to self-assemble into a variety of fascinating
microstructures in solution. Compared with the linear ABC tri-
block copolymers, the star-like architecture of the ABC heteroarm
copolymers effectively promotes the formation of non-concentric
multicompartment micelles. For instance, Lodge et al. successfully
prepared a series of multicompartment micelles including ham-
burger micelles, segmented wormlike micelles and nanostructured
vesicles through the self-assembly of poly(ethylethylene-arm-
ethylene oxide-arm-perfluoropropylene oxide) (�-EOF) heteroarm
copolymers [189]. Through DPD simulations, Xia et al. stud-
ied the multicompartment micelles formed from ABC heteroarm
copolymers [190]. In their simulations, a series of ABC heteroarm
copolymers were modeled on the basis of the �-EOF copolymers
used in the experiments performed by Lodge and co-workers
[189]. Their simulations demonstrated that the length of the
solvent-philic block has a significant effect on the shape of the mul-
ticompartment micelles formed from ABC heteroarm copolymers.
They found that the more discrete micelles can be formed when
the solvent-philic blocks are longer, and the worm-like micelles
can be observed when the solvent-philic blocks are shorter. Simi-
lar results were obtained in analytical scaling predictions proposed
by Zhulina and co-workers [191]. A more systematic study of
the self-assembly of ABC heteroarm copolymers in solution has
been carried out by Kong et al. through lattice Monte Carlo sim-
ulations [192]. By varying the block compositions of different
arms, a variety of microstructures including hamburger micelles
(HM), segmented bilayers (SB), segmented semivesicles (SSV), lat-
erally structured vesicles (LSV), laterally structured micelles (LSM),
raspberry micelles (RM), multicompartment worms  (MW)  and
multicompartment onions (MO) were observed, as shown in Fig. 17.

They demonstrated that the overall micelle shape strongly depends
on the block composition of solvent-philic A arms fA, and the inter-
nal segregated microstructures rely on the ratio between the block
compositions of the two solvent-phobic arms. These novel micel-
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Fig. 17. Morphological phase diagram of the ABC heteroarm copolymers as functions of the block compositions of the A, B and C arms (fA , fB and fC). The red, green and blue
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ar structures have been confirmed by Wang et al. through EPD
imulations [193]. In their simulations, the thermodynamic stabil-
ty of vesicles with alternating ring-shape strings was examined
y the combination of the Helfrich’s membrane model and the
trong segregation theory of block copolymers. Furthermore, Wang
t al. investigated the formation pathway of the multicompartment
esicles formed from ABC heteroarm copolymers. They demon-
trated that, when the block composition of the solvent-phobic
rms is small, only few solvent-phobic nuclei can be formed in
he initial stage of self-assembly. In this case, two  steps includ-
ng nucleation and growth were observed during the formation of

ulticompartment vesicles. While with increasing the block com-
osition of the solvent-phobic arms, the number of solvent-phobic
uclei increases and three steps including nucleation, coalescence
nd growth have been found during the formation of the multicom-
artment vesicles. Their simulations indicate that the number of the
olvent-phobic nuclei in the initial stage has a significant influence
n the formation pathway of the multicompartment vesicles.

.2. Dendritic copolymers

Dendritic copolymers, including dendrimers and hyper-
ranched copolymers, are copolymers with three-dimensional
ighly branched architecture. The dendritic copolymers have
hown great advantages of numerous functional groups, low entan-
lement and solution viscosity behavior [194–196]. These superior
roperties of the dendritic copolymers strongly rely on their

ntramolecular conformation and intermolecular self-assembly
ehaviors. There was an assumption that the segmental density

f dendritic copolymers in solution increases from the center to
he periphery [197]. Lescanec and Muthukumar firstly proposed

 dense core description of the dendritic copolymers by a theo-
etical simulation [198]. In their simulations, a self-avoiding walk
ent-phobic C arms, respectively. [192], Copyright 2009. (For interpretation of the
 article.)

algorithm has been employed to simulate the dendritic molecules.
Their simulations have gained a great of support from SANS and
SAXS investigations. In spite of the progress made in theoreti-
cal simulations of the intramolecular conformation of dendritic
copolymers, the simulation investigation about the intermolecular
self-assembly of dendritic copolymers is still scarce.

Recently, large micelles with diameters exceed 100 nm,  that
have proved to be multimicelle aggregates (MMA)  formed by inter-
connection of small micelles [199], were prepared through the
self-assembly of dendritic copolymers in solution. The simulation
investigations about the MMA  structures formed from dendritic
copolymers have been carried out by Yan et al. through DPD method
[200,201]. In their simulations, the coarse-grained models of den-
drimers and hyperbranched copolymers with solvent-phobic A
cores and solvent-philic B arms were constructed according to the
experimental density. Their investigations reported two kinds of
mechanisms for the formation of MMA,  that have been defined as
the unimolecular micelle aggregate (UMA) mechanism (Fig. 18(a))
and the small micelle aggregate (SMA) mechanism (Fig. 18(b)).
They found that these two  mechanisms strongly depend on the
solvent-phobicity of the cores and the solvent-philicity of the
arms. Furthermore, with increasing the degree of branching, the
structural transitions of the assemblies from spherical micelles to
worm-like micelles and then to vesicles have been observed. Their
simulations provide useful details that are difficult to be captured
in experiments.

The dendritic copolymers with asymmetric architectures, that
can act as amphiphiles with greater versatility than simple diblock
copolymers and symmetric dendritic copolymers, have drawn a

lot of attention [202,203]. One type of the asymmetric dendritic
copolymers is the Janus dendrimers consisting of two chemi-
cally distinct dendritic blocks [204]. Using coarse-grained MD
method, Percec et al. studied the self-assembly behaviors of Janus
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Fig. 18. (a) The UMA  mechanism of the multimolecular micelles: (a1) a magnified multimolecular micelle, the hydrophobic dendritic core is represented by blue beads, the
hydrophilic linear arms are represented by red beads; (a2) typical TEM image of the UMA  micelles (the scale bar represents 400 nm); (a3) the schematic for UMA  mechanism.
(b)  The SMA  mechanism of the multimolecular micelles: (b1) the cross-sectional view of the small micelle, the hydrophobic dendritic core is represented by blue, light green
and  yellow beads, the hydrophilic linear arms are represented by red beads; (b2) typical TEM image of SMA  micelles (the scale bar represents 100 nm); (b3) the schematic
for  SMA mechanism. [200], Copyright 2009. (For interpretation of the references to colour in this figure legend, the reader is referred to the web  version of this article.)

Reproduced with permission from the Royal Society of Chemistry.

Fig. 19. (a) Schematic diagrams of (a1) the realistic linear-dendritic block copolymer PEG27-dendr[AZO]4 and (a2) its coarse-grained model Rx-dendr[By-Y3]4. This linear-
dendritic block copolymer is with two generations (g = 2) and thus has four azobenzene mesogens (n = 4). (b) Morphological phase diagrams of the linear-dendritic copolymer
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3]4. [206], Copyright 2012.

eproduced with permission from the American Chemical Society.

endrimers in solution [205]. In their simulations, different mod-
ls of Janus dendrimers have been constructed based on their
xperiments, and the coarse-grained interaction potentials were
erived by the all-atom simulations. Combining the coarse-grained
D smulations with experiments, various self-assembled struc-

ures including bilayers, vesicles, disk-like micelles and toroidal
icelles have been investigated. However, the influence of the
olecular parameters on the self-assembly of asymmetric den-

ritic copolymers has not been explained in their simulations. In
 recent work, Lin et al. employed DPD method to investigate
he self-assembly of another kind of asymmetric dendritic copoly-

ers, i.e.,  linear-dendritic block copolymers [206]. To simulate the
zobenzene-containing (AZO) linear-dendritic block copolymers
EG27-dendr[AZO]4 synthesized by del Barrio et al. [202], they con-
tructed a coarse-grained model of Rx-dendr[By-Y3]4 in which an
pring force is introduced to simulate the rod-like azobenzene, as
hown in Fig. 19(a). A variety of self-assembled structures includ-
ng spherical micelles, worm-like micelles, cylindrical micelles,
amburger-like micelles, sheet-like micelles, bowl-like micelles
nd vesicles were observed. The influence of the molecular
rchitecture and the volumetric fraction of copolymers on the self-
ssembled structures formed from R -dendr[B -Y ] copolymers
x y 3 4
as examined systematically, and a series of morphological phase
iagrams have been obtained, as displayed in Fig. 19(b). They fur-
her studied the effect of ultraviolet irradiation on the morphology
se diagram of Rx-dendr[B2-Y3]4; (b3) morphological phase diagram of R12-dendr[By-

of the vesicular structures through changing the solvent-philicity of
Y blocks. Their simulations are in good agreement with the exper-
iments carried out by del Barrio and co-workers [202].

Although some progress in the area of the self-assembly of den-
dritic copolymer solutions has been achieved through theoretical
simulations, further development of simulation technique is still
required to investigate the self-assembly of dendritic copolymers.
For instance, due to the large computational cost in the simula-
tions of the dendritic copolymers, the computational efficiency of
simulations needs to be improved. The developments of corre-
sponding parallel algorithms provide a promising way to enhance
the computational efficiency. In addition, the simulation of the large
compound vesicle formed from dendritic copolymers is absent
because the assembly dimension (10–100 �m)  excesses the com-
puting capability [207]. The multiscale modeling and simulation
techniques offer an opportunity to overcome this obstacle.

5.3. Bottle-brush copolymers

Bottle-brush copolymers, also called copolymer brushes, are
highly-branched macromolecules consisting of a linear backbone

and densely grafted side chains [180,208–210]. As a type of nat-
ural bottle-brush copolymers comprising a protein backbone and
carbohydrate side chains, proteoglycans have been found in dif-
ferent places in human body performing significant functions. For
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nstance, proteoglycans have been performed to play significant
oles in controlling the shock absorption and lubrication proper-
ies in cartilage [211,212]. The biological significance of natural
ottle-brush copolymers inspires polymer scientists to synthesize
he bottle-brush copolymers and investigate their self-assembly
ehaviors in solution. Several theoretical simulation methods

ncluding MC  [213–215], MD  [216,217], DPD [218] and SCFT [219]
ave been employed to study the self-assembly behaviors of the
ottle-brush copolymers. Using MC  and MD  methods, a series of
imulations of the intramolecular self-assembly of the bottle-brush
opolymers comprising two types of side chains have been carried
ut by Binder and co-workers [213–217]. The structural transition
rom the “pearl-necklace” assemblies to dense cylinders has been
bserved by varying the solvent selectivity and the grafting density.
nd the “Janus dumbbell” assemblies have been observed when

he grafting density is large. They demonstrated that these struc-
ural transitions occur gradually and no sharp structural transitions
s found in block copolymer melts take place due to the quasi-1D
haracteristic of the bottle-brush copolymers.

The molecular asymmetry of the bottle-brush copolymers has
 profound influence on their self-assembly behaviors. Through
CFT method, Wang et al. calculated the free energy of the micellar
tructures formed from the asymmetric bottle-brush copolymers
-b-(A-g-B) in B-selective solvents [219]. In their SCFT calcula-

ions, the free energy of the micellar system exhibits two  minima,
ndicating the existence of the bimodal distribution of micelles. By
xamining the density profiles of the micelles, they found that the
imodal distribution of micelles is the result of the separation inside
he comb blocks and the separation between the coil blocks and the
omb blocks. In a recent work, Chang et al. utilized DPD method
o study the multilayered vesicles formed from amphiphilic asym-

etric bottle-brush copolymers [218]. In their DPD simulations,
he CG models of Y15-g-(Rx/By-b-Gz) copolymers have been con-
tructed to mimic  the PGMA-g-(PEO/PS-b-PNIPAM) bottle-brush
opolymers in the experiments carried out by Lian and co-workers
220], as shown in Fig. 20(a). They found that, consistent with the
xperimental observations, the Y15-g-(Rx/By-b-Gz) copolymers can
elf-assemble into multilayered asymmetric vesicles. Except for the
ultilayered vesicles observed in experiments, several micellar

tructures have been found by adjusting the length of solvent-
hilic blocks in the diblock side chains By-b-Gz, as illustrated in
ig. 20(b). They concluded that, similar to the linear copolymers, a
tructural transition from vesicles to micelles can take place as the
ncrease of the length of solvent-philic blocks. They further inves-
igated the influence of the grafting density on the self-assembled
tructures formed from Y15-g-(R1/B7-b-G2) copolymers. By increas-
ng the grafting density, the structural transitions from hamburger

icelles to vesicles then to donut micelles have been observed.
heir simulations provide an example for qualitatively simulating
he self-assembly of the bottle-brush copolymers in solution by

esoscopic method.
The above-cited simulation studies have proven that the

heoretical simulation techniques are powerful tools to study
he intramolecular and intermolecular self-assembly of the
ottle-brush copolymers in solution. Both the results of the
eld-theoretical method and the particle-based method have suc-
essfully reproduced the results in experiments. However, the
imulation studies of the self-assembly of the bottle-brush copoly-
ers are still at an exploratory stage. To realize the potential

pplications of the bottle-brush copolymers, a more profound
nderstanding of the self-assembly kinetics, the structural stabil-

ty and the structure-property relation is required. For example,

he understanding of the formation kinetics of the bottle-brush
opolymer assemblies and their cellular endocytosis processes can
e helpful for realizing the potential biomedical applications. There
er Science 75 (2017) 1–30 21

is no doubt that the theoretical simulation can offer a promising
way to tackle these problems.

6. Self-assembly of mixture systems

Despite the great progress achieved in the field of self-assembly
of copolymers in solution, it is still a challenge to prepare
the desired microstructures through the self-assembly of single
component polymer systems in solution. The mixture systems
comprising two or more components provide another promis-
ing route to create novel and functional materials. For example,
Lodge and co-workers demonstrated that the “hamburger” micelles
can be formed from the binary mixture of poly(ethylethylene-
b-ethylene oxide) (PEE-b-PEO) diblock copolymers and �-EOF
star-like terpolymers in solution [221], and Voets et al. prepared
disk-shaped Janus micelles from a mixture of poly(acrylic acid-
b-acryl amide) (PAA-b-PAAm) and poly(2-methylvinylpyridinium
iodide-b-ethylene oxide) (P2MVP-b-PEO) in aqueous solution
[222]. However, the diversity of polymer components brings the
difficulty to analyze the self-assembled structures experimentally,
and the investigations of the thermodynamic stability and the
formation pathway of the self-assembled structures in polymer
mixture systems exceed the capability of experimental techniques.
In this regard, theoretical simulations offer an effective way to
investigate the self-assembly behaviors of polymer mixtures in
solution. In this section, we  focus on the simulations about the self-
assembly of polymer/polymer mixtures and polymer/nanoparticle
mixtures in solution.

6.1. Polymer/polymer mixtures

For the self-assembly of polymer/polymer mixtures in solution,
an important issue is whether the co-assembly of polymer/polymer
mixtures can take place or not. Palyulin et al. developed a the-
oretical framework to study the mixture of AB and BC diblock
copolymers in solvents selective for A and C blocks [223]. In their
theoretical calculations, the thermodynamic stability of different
micellar structures was  analyzed and a morphological phase dia-
gram of the AB/BC mixtures in solution was constructed. They
demonstrated that the micelles with A and C blocks homoge-
neously mixed within the corona are thermodynamic stable when
the incompatibility between A and C blocks is weak. Compared with
theoretical analysis, computer simulation is a more straightfor-
ward way to study the self-assembly behaviors of polymer/polymer
mixtures in solution. Employing three-dimensional SCFT method,
Lin et al. systematically studied the self-assembly behaviors of the
mixture of AB and BC diblock copolymers in dilute solution with
solvent-phobic A blocks [224]. In their simulations, two cases have
been studied: in one case the block compositions of solvent-phobic
A blocks in AB copolymers and AC copolymers are equal, and in
the other one the block composition of solvent-phobic A block in
AB copolymers is smaller than that in AC copolymers. A variety of
aggregates such as spherical micelles (M), cylindrical micelles (C),
quasi-vesicles (QV) and vesicles (V) have been observed in both
cases. The morphological phase diagrams in the two cases have
been constructed, as shown in Fig. 21 (a). The structural transitions
observed in their simulations are in qualitative agreement with
some experimental observations [225]. Furthermore, they studied
the chain segregation in vesicles and micelles by calculating the
density distributions of different blocks, and a structural transition
mechanism induced by chain segregation has been proposed.
In addition to the binary mixture of diblock copolymers in solu-
tion, the theoretical simulations have also been used to study the
self-assembly of mixture systems containing copolymers with dif-
ferent architectures. Ma et al. employed SCFT method to investigate
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Fig. 20. (a) Schematic diagrams of (a1) the bottle-brush copolymer PGMA-g-(PEO/PS-b-PNIPAM) and (a2) its coarse-grained model Y15-g-(Rx/By-b-Gz). (b) Morphological
phase  diagrams of the assemblies formed from Y15-g-(R1/By-b-Gz) copolymers as functions of the length of B blocks y and the length of G blocks z. [220], Copyright 2012.

Reproduced with permission from the American Chemical Society.

Fig. 21. (a) Morphological phase diagrams of the AB/AC mixtures in solution as functions of the Flory-Huggins interaction strength �BCN and the volumetric fraction of AB
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eproduced with permission from the American Chemical Society.

he self-assembly of the mixture of the ABC star-like copolymers
nd the AB diblock copolymers with solvent-philic A blocks and
olvent-phobic B and C blocks [226]. In their calculations, the
tructural transitions observed in the experiments carried out by
odge et al. have been successfully reproduced [221]. However,
he mechanism underlying these structural transitions has not
een discussed in their investigations. In a recent work, Lin et al.
sed SCFT to investigate the mechanism underlying the structural
ransitions observed in their experiments of the self-assembly of
esicle-forming graft and block copolymer mixtures in solution
227]. In their simulations, the interesting feature that the vesicle-
orming PBLG-g-PEG and PBLG-b-PEG copolymers cooperatively
ssemble into cylindrical micelles instead of vesicles was captured,
nd the detailed information of chain distributions in the micellar
ggregates was analyzed. They found that the ends of cylindrical

icelle are capped by the solvent-philic blocks of block copoly-
ers, whereas the body of cylindrical micelle is covered by the

olvent-philic blocks of graft copolymers. Their simulations provide
ers AB and AC are equal; (a2) the block composition of solvent-philic A block in AB
on from vesicles to quasi-vesicles and spherical micelles. [224], Copyright 2009.

direct interpretation of the co-assembly of copolymer mixtures in
solution.

The introducing of chain rigidity in the mixture of polymers
can lead to complex self-assembled structures, that also can be
taken into consideration through simulation techniques. Using
DPD method, Lin et al. studied the self-assembly behaviors of
the mixture of coil-rod graft copolymers and rigid homopoly-
mers in solution [228]. In their simulations, the coarse grained
models of coil-rod graft copolymer and rigid homopolymer are
constructed on the basis of the poly(acrylic acid-g-�-benzyl-l-
glutamate)/poly(�-benzyl-l-glutamate) (PAA-g-PBLG/PBLG) mix-
tures, and the rigidity of the rod blocks is realized by the angle
potential between every two consecutive bonds. The formation of
toroidal micelles observed in experiments has been successfully
reproduced in their DPD simulations. Furthermore, they found that

the toroidal micelles are formed through the end-to-end connec-
tion of curved rods and the rigid homopolymers self-assemble into
the interior cores of aggregates.
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Fig. 22. (a) Simulation results for the hierarchical structures self-assembled from the mixture of A7B3 rod-coil block copolymers and A150 rigid homopolymers in solution:
(a1)  plain fiber structure with high A–A interactions of εAA = 2.4; (a2) superhelices with moderate A–A interactions of εAA = 2.1; (a3) abacus-like structures with low A–A
i LG-b-P ◦
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eproduced with permission from the John Wiley & Sons Inc.

Recently, Lin et al. performed BD simulations on the self-
ssembly of the mixture of rod-coil (or coil-coil) block copolymers
nd rigid (or flexible) homopolymers in solution [229]. By adjusting

 series of parameters, including the association strength between
ifferent blocks, the segment rigidity and the volumetric fractions
f the two components, the structural transitions from abacus-like
beads-on-wire) structures to superhelices and then to plain fibers
ave been observed, as presented in Fig. 22(a). According to their
imulations, they synthesized an array of block copolymers (e.g.,
BLG-b-PEG and PS-b-PEG) and homopolymers (e.g., PBLG and PS)
o study the effect of temperature, that corresponds to the asso-
iation strength between the rod blocks of copolymers and the
igid homopolymers in their simulations, on the self-assembly of
he copolymer/homopolymer mixtures in solution. The superhe-
ices and abacus-like structures predicted by simulations have been
onfirmed in their experiments, as shown in Fig. 22(b). And the
hain distribution information provided by simulations suggested
hat the superhelical structures observed in experiments consist of
arge-length-scale inner bundles formed from solvent-phobic PBLG
omopolymers and small-length-scale helical strings formed from
BLG-b-PEG block copolymers. In a subsequent work [230], the
tructural stability regions of the rod-coil block copolymer/rigid
omopolymer mixtures as functions of the lengths of rod and coil
locks were mapped. And two levels of rod block ordering, includ-

ng the helical strings formed from block copolymers wrapping
n the homopolymer bundles and the twisting packing of the rod
locks inside the strings, existing in the superhelical structures was
ound. These pioneering works imply that the combination of simu-
ation and experiments is an effective strategy for the investigation
f polymeric self-assembly.

.2. Polymer/nanoparticle mixtures

The encapsulation of nanoparticles into copolymer assem-
lies provides a promising route to prepare novel materials with
nhanced mechanical, optical, electric and magnetic properties
231–234]. The realization of these advanced properties requires
recise control on the morphology of copolymer assemblies and
he location of nanoparticles, both of that are determined by the
nthalpic and entropic interplays within the system. The enthalpic
nd entropic interplays can be influenced by a variety of factors,

uch as the compatibility between copolymers and nanoparti-
les, the ratio of the size of nanoparticles to the gyration radius
f copolymers, the rigidity of copolymer chains and the shape
f nanoparticles. An exhaustive discussion about these issues at
EG/PBLG mixtures at various temperatures: (b1) plain fibers formed at 5 C; (b2)
and b3) 200 nm,  (b2) 500 nm.  [229], Copyright 2013.

a nanoscale remains a challenging task in experimental stud-
ies. Recently, several simulation methods have been successfully
applied to study the self-assembly of the mixture of polymers and
nanoparticles in solution [235–238]. These simulations mainly con-
cerned two  aspects: the location of nanoparticles in copolymer
assemblies and the structural transition of copolymer assemblies
induced by nanoparticles. In this subsection, simulations about
these two  aspects are reviewed, and some novel modeling and sim-
ulation techniques developed to investigate the self-assembly of
polymer/nanoparticle mixtures are introduced.

The SCFT method has been successfully applied to investigate
the thermodynamic properties of copolymers in the absence of
nanoparticles both in bulk and in solution. By coupling the SCFT
method for polymers with the DFT method for nanoparticles,
Balazs et al. developed a numerical approach to study the self-
assembly of the mixture of polymers and nanoparticles in bulk
[239]. The variation of enthalpy and entropy underlying the self-
assembly of the polymer/nanoparticle mixtures can be analyzed
by their method. Zhang et al. firstly extended this method to study
the self-assembly behaviors of AB diblock copolymer/nanoparticle
mixtures in solution [240]. In their simulations, both A-selective
and nonselective solvent-phobic nanoparticles were considered.
They systematically investigated the influences of the volumetric
fraction of nanoparticles cP and the radius of nanoparticles RP on
the self-assembly behaviors of the diblock copolymer/nanoparticle
mixtures in solution. For the A-selective solvent-phobic nanopar-
ticles, a structural transition from vesicles to spherical micelles
(S) and cylindrical micelles (C) with increasing the radius or the
volumetric fraction of nanoparticles has been observed; while for
the nonselective solvent-phobic nanoparticles, the vesicles were
replaced by the large compound micelles (LCM), and the spherical
micelles emerged as the increase of the radius or the volumetric
fraction of nanoparticles. The morphological phase diagrams as
functions of the radius and the volumetric fraction of nanopar-
ticles have been constructed, as shown in Fig. 23(a). Pan et al.
extended this SCFT/DFT approach to study the self-assembly of
bi-disperse nanoparticles/diblock copolymer mixtures in solution
[235]. The influences of the chemical incompatibility between dif-
ferent nanoparticles and the steric packing interactions among
nanoparticles on the self-assembled structures have been investi-
gated. By calculating the enthalpy and the entropy of the mixtures,

they found that the separation of nanoparticles with different radii
is driven by the variation of the entropy. Furthermore, they found
that an increase of the chemical incompatibility between different
nanoparticles can induce the formation of “a jujube set in a cake”
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Fig. 23. (a) Morphological phase diagrams of the AB diblock copolymer/nanoparticle mixtures with (a1) A-selective solvent-phobic nanoparticles and (a2) nonselective
solvent-phobic nanoparticles plotted as functions of the radius RP/Rg and the volumetric fraction cP of nanoparticles. (b) Schematic of the structural transitions from disorder
state  to vesicles and then micelles for the AB diblock copolymer/nanoparticle mixtures in solution. [240], Copyright 2007.
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eproduced with permission from the American Chemical Society.

ierarchical structure, that provides a route to fabricate complex
icrostructures through diblock copolymer/nanoparticle mixture

ystems.
Although the SCFT/DFT approach has proven to be effective for

nvestigating the polymer/nanoparticle mixtures, it is difficult to
e applied to systems in which the reliable density functional is

navailable. To solve these problems, Fredrickson and co-workers
eveloped a hybrid modeling and simulation technique named HPF
ethod [64]. In the theoretical framework of the HPF method,

he copolymers are described in the field-theoretic context but
ot restricted to the mean-field approximation. The coordinates
f nanoparticles are explicitly retained and the configurations of
anoparticles are sampled through Brownian dynamic strategy or

orce-bias MC  scheme, different from the SCFT/DFT approach. Ma
t al. extended the HPF method to study the self-assembly behav-
ors of AB diblock copolymer/nanoparticle mixtures in solution
236]. They found that the surface selectivity of nanoparticles is a
ey factor to control the location of nanoparticles in the assemblies
ormed from AB diblock copolymers. The influence of the volumet-
ic fraction of nanoparticles on the self-assembled structures was
nvestigated, as shown in Fig. 24. The structural transitions from
esicles to cylindrical micelles and then to spherical micelles with
ncreasing the volumetric fraction of nanoparticles was  observed,
n agreement with the results reported by Zhang and co-workers
240].

The above simulations improve our understanding of the self-
ssembly of the mixture of nanoparticles and flexible copolymers
n solution. However, the self-assembly of the mixture of nanopar-
icles and rigid copolymers in solution has been seldom studied.
ompared with the flexible copolymers, the copolymers contain-

ng rigid blocks exhibit distinct self-assembly behaviors due to the
rdered packing of rigid blocks. Thus, it is expected that the addition
f nanoparticles would destroy the ordered packing of rigid blocks

nd then deform the self-assembled structures. To demonstrate
his issue, Lin et al. employed DPD simulations to study the struc-
ural transition of PBLG-b-PEG aggregates induced by the addition
of Au nanoparticles observed in experiments [238]. In their simu-
lations, the CG model in which the PBLG-b-PEG block copolymers
are modeled as rod-coil block copolymers and the Au nanoparti-
cles are modeled as single beads has been constructed. Through
analyzing the order parameter of rod blocks, they found that the
encapsulation of nanoparticles in the micellar structures leads to
the breakage of the ordered packing of PBLG rods and causes a struc-
tural transition from cylindrical micelles to spherical micelles, in
qualitative agreement with their experimental observations. Fur-
thermore, their simulations suggested that the nanoparticles tend
to locate near the core/shell interface and in the core center of the
aggregates. Their simulations help us understand the self-assembly
behaviors of such mixture systems.

While the self-assembly of polymer/nanoparticle mixtures in
solution has been effectively studied through simulation tech-
niques, further explorations about these systems are still needed.
One of the significant issues in this field is the mixture systems
containing anisotropic nanoparticles. For example, the experimen-
tal studies have demonstrated that the location and orientation
of gold nanorods can be tuned in cylindrically microdomains of
block copolymer-based supramolecular assemblies [241]. And the
transition of the configurations of nanorods from end-to-end orga-
nization to side-by-side arrangement provides a possible way  to
control the plasmonic properties of nanorods. However, the sim-
ulation investigations in this field are still in absence. Several
simulation techniques including DPD method and HPF technique
are suggested to be suitable to study this topic straightforwardly.

7. Conclusion remarks and outlook

In the past decades, the self-assembly of copolymers in solu-
tion has been a subject of great interest due to its promising

applications in many fields. The simulation techniques including
particle-based, field-theoretic and hybrid modeling methods have
effectively assisted the experimentalists to make a further step in
understanding the self-assembly of copolymer solutions. In this
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Fig. 24. The equilibrium morphologies of AB diblock copolymer/nanoparticle mixtures as a function of the number of nanoparticles NP . (a) Solvent-philic nanoparticles: (a1)
NP = 5; (a2) NP = 10; (a3) NP = 15. (b) Solvent-phobic nanoparticles: (b1) NP = 5; (b2) NP = 10; (b3) NP = 15. The yellow, blue, green and black colors are assigned to solvent-phobic
A  blocks, solvent-philic B blocks, solvents and nanoparticles, respectively. [236], Copyright 2011. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web  version of this article.)
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eview, the simulation investigations about the self-assembly of
he linear block copolymers, the graft copolymers, the star-shaped
opolymers, the dendritic copolymers, the bottle-brush copoly-
ers and the polymer mixtures in solution have been featured. The

tudies reviewed here suggest that the self-assembled structures
ormed from copolymers in solution are dominated by the compli-
ated interplay between the enthalpy and the entropy, that can be
uned by several molecular parameters such as the solvent-philicity
nd the block rigidity of polymers. In addition, by grafting the
ranched arms onto the linear backbone or introducing the second
omponent into polymer system, various assemblies with hierar-
hical nanostructures can be formed. Furthermore, these studies
uggest that the formation kinetics also has an important influence
n the self-assembled structures. Despite the great development
hat has been made in the field of theoretical modeling and sim-
lation about the self-assembly of polymers in solution, there are
till many challenges, that are also opportunities, guiding the future
irections in this field.

The rules underlying hierarchical self-assembly. Inspired by the
nature, hierarchical self-assembly involving more than two  levels
of self-assembly steps or orders has been considered as a hope-
ful “bottom-up” strategy for the preparation of novel functional
materials [242–244]. In particular, the hierarchical self-assembly
of copolymers in solution provides a way to produce assemblies
with specified morphology and monodispersed size. For exam-
ple, a precise control over the superstructures formed from linear
ABC triblock copolymers in solution through hierarchical self-
assembly strategy has been reported by Gröschel and co-workers
[166]. Nevertheless, the rules dominating the hierarchical self-
assembly of copolymers in solution, especially how to choose the
pathway escaping from undesirable metastable states and how to
control the formation kinetics of the hierarchical assemblies, still
remain vague. Fortunately, the theoretical simulations not only
can help us plot the free energy landscape of polymer systems

but also is able to gain insights into the kinetics of the hierarchical
self-assembly.
The relation between the microstructure of polymer assemblies
and their functional properties.  It is well acknowledged that the
macroscopic properties of polymer assemblies are dominated
by the molecular groups of macromolecules and their meso-
scopic morphologies. For example, the micelles self-assembled
from polymers with optical function groups exhibit multifari-
ous optical properties [245,246]. In another potential application
of polymer micelle as drug carrier, the drug encapsulation abil-
ity of the micelle-based drug carrier has a strong dependence
on its geometrical characteristic [247–249], that can be tuned
through the self-assembly of polymers. Although the knowledge
of the self-assembled structures formed from polymers in solu-
tion has already been enriched to some extent, the correlation
between the nano and mesoscopic details of assemblies and their
macroscopic properties is still a field less explored. The investi-
gations of the structure-property relation of polymer assemblies
require a further development of the modeling and simulation
techniques. Multiscale modeling approach capturing processes
at all relevant length scales could be a promising strategy to
achieve this goal. And hybrid modeling method combining meth-
ods with different length scales may  provide another choice. For
both of them, a framework for mapping atomistic configurations
to coarse-grained models is required.

• The “synergistic interaction” between simulations and experiments.
In the field of polymer science, the combination of experi-
ments and simulations is of great importance. On  one side, the
correction of the simulation models based on the specific exper-
imental systems is necessary to acquire the formed structures
and the related formation kinetics as accurately as possible. On
the other hand, simulations can provide an in-depth understand-
ing about the experimental observations and the directions for
future experiments. A “synergistic interaction” between simula-
tions and experiments can effectively promote the fabrication
of advanced functional materials. For example, with the help
of SCFT simulations, the mechanism underlying the structural
transition observed in PBLG-g-PEG/PBLG-b-PEG mixtures in solu-
tion has been investigated by Lin and co-workers [227]. In

another example, the BD method assists Lin et al. to prepare
supramolecular structures including superhelices and abacus-
like structures through the self-assembly of polypeptide-based
copolymers in solution [229,230]. To realize the “synergistic
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interaction” between simulations and experiments, the construc-
tion or improvement of simulation models to characterize the
experimental conditions precisely is of primary importance.
Large scale simulation by parallel algorithm acceleration. The finite
size effect [250] is a ubiquitous problem in simulations. For
instance, Wang et al. found that the multilamellar vesicular struc-
tures are more stable in a larger simulation box [137]. This
problem can be alleviated by enlarging the size of simulation box,
that means an unaffordable computing cost in the past. Acceler-
ating the simulations by parallel algorithm is a promising way to
operate large-scale simulations. GPU is an innovative video card
that can be used not only to show graphics but also for scientific
calculations [251]. With the assistance of the parallel comput-
ing architectures including Compute Unified Device Architecture
(CUDA) and Open Computing Language (OpenCL), the processing
power of GPU can be harnessed. Specially, the GPU technology
proves to be a particularly good fit for the particle-based method
due to the massively parallel nature shared by the evaluation
of inter-particle force. To take full advantage of the computing
power of GPU, the efficient parallel algorithms for existing simu-
lation methods should be developed in coming years.
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