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Microphase separation of AB multigraft copolymers with various numbers of graft arms per junction
along the backbone was examined by the random-phase approximation and real-space implemented
self-consistent field theory. The calculations carried out show that the number of graft arms per
junction exerts a marked effect on the phase behavior of the multigraft copolymers. The spinodal
shows an upward shift with increasing number of graft arms per junction. The order-order
transitions shift toward the higher volume fraction of backbone and the ordered region becomes
narrower when the number of graft arms per junction increases. The influence of the number of graft
arms per junction on the domain size and the interfacial width has also been examined. It was found
that the characteristic domain size decreases and the interfacial width broadens with increasing
number of graft arms per junction. The theoretical results at a strong segregation were compared
with the existing experimental observations and a good agreement is shown. © 2008 American
Institute of Physics. �DOI: 10.1063/1.2980052�

INTRODUCTION

The ability of copolymer melts to self-assemble into in-
triguing ordered microstructures has received considerable
attention.1–5 Due to the ongoing interest in such ordered mi-
crostructures, well-defined nonlinear copolymers with com-
plex architectures such as graft, starblock, miktoarm, and
hyperbranched copolymers have been studied
experimentally.6–8 It is shown that the molecular architecture
is an important factor in determining the morphologies of the
microstructures, phase behaviors, and material properties.
Among these copolymers with well-defined architectures,
much of experimental research has focused on the graft co-
polymers due to their unique material properties and techno-
logical applications.9,10 For the graft copolymer, the number
of graft arm attached to the junctions along the backbone can
be greater than 1. Such graft copolymer is termed as multi-
graft copolymer, as illustrated in Fig. 1. Gido and co-workers
synthesized a series of architecturally well-defined multigraft
copolymers.11–18 Ordered lamellar, spherical, and cylindrical
morphologies were observed. It has been shown experimen-
tally that the morphologies of multigraft copolymers and the
domain spacing of their ordered structures greatly depend on
the number of graft arms per junction. There is a dramatic
shift in the phase boundaries of multigraft copolymers as the
number of graft arms per junction changes. They also found
that the number of graft arms per junction influences the
mechanical properties of the multigraft copolymers. For ex-
ample, the tensile strength of polystyrene-g-polyisoprene
�PS-g-PI� multigraft copolymers with four graft arms per

junction is about twice as that of multigraft copolymers with
one graft arm per junction at similar composition of PS graft
arms.

In comparison to the situation of diblock and triblock
copolymers, there have been much less theoretical studies
regarding the phase behaviors of multigraft copolymers.
Gido and co-workers proposed a constituting block copoly-
mer hypothesis to interpret the phase behaviors of multigraft
copolymers.13–16 It is proposed that the phase behaviors of
multigraft copolymers are governed by the behavior of con-
stituting star copolymers, which are formed by snipping the
connecting blocks of backbone in half. Existing Milner’s
theory is used to predict the phase behavior of the constitut-
ing star copolymers.19 It has been found that the phase be-
havior of multigraft copolymers is generally consistent with
that of the constituting star copolymers.11 So far, the consis-
tent block copolymer hypothesis is an effective method to
predict the phase behavior of multigraft copolymers. How-
ever, this method is limited when the placement of junction
is irregular since the multigraft copolymers cannot be simply
cut into constituting star copolymers. Meanwhile, Milner’s
calculation is only strictly applicable to a strong segregation
limit. Thus, systematical theoretical studies on the phase be-
havior of multigraft copolymers are desired. Motivated by
the novel properties of multigraft copolymers and the lack of
the theoretical work, we investigate the microphase separa-
tion in melts of multigraft copolymers by adopting the
random-phase approximation �RPA� method and self-
consistent field theory �SCFT�.

The RPA calculation of scattering function originated
from de Gennes,20,21 which can give general understanding
on the order-disorder transitions �ODTs�, was successfully
used to determine the spinodal for multiblock copolymers,22

mixture of block copolymers and homopolymers23 and other
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complex copolymers,24–29 etc. Shinozaki et al. extended this
method to the comb copolymers with even or random distri-
butions of junctions, where the number of graft arms per
junction is unity.24 They found that the spinodal of average
constituting single graft copolymers determines the proxim-
ity of the ODT. Recently, Palyulin and Potemkin studied the
microphase separation of ABC double-grafted copolymers
with gradient, random, and regular sequence of
junctions.25,26 The spinodal shows a great dependence on the
displacement of junctions. Although the RPA analysis can
provide useful information about spinodal, more accurate nu-
merical solutions such as self-consistent field theory �SCFT�
are desired to get a complete picture of the microphase be-
haviors of the multigraft copolymers.

The real-space SCFT has emerged as a powerful tool to
explore the phase behavior of copolymers in bulk.30–41 Dro-
let and Fredrickson developed a methodology consisting of
iterations of randomly generated fields at the initial step of
the algorithm without a prior assumption about the me-
sophase symmetry.31 Unfortunately, one major disadvantage
of this method is that the algorithms locate stable and meta-
stable states indiscriminately. One strategy for developing
the most stable state SCFT solutions is to carry out the cal-
culations by “seeding” the SCFT simulation with initial con-
ditions that have the appropriate symmetries and by compar-
ing the energies of the ordered structures initiated from
different given configurations.35,36 By using this strategy,
Drolet and Fredrickson successfully calculated the stability
of gyriod phase for diblock copolymers at strong segrega-
tion. Moreover, such a seeding procedure could dramatically
reduce the computational cost of obtaining a defect-free con-
figuration. Thus, it is feasible to study the microphase sepa-
ration of multigraft copolymers in three-dimensional space
by unitizing this seeding strategy. In our previous work, we
used the real-space SCFT to study the bridged chain confor-
mation characteristics of graft copolymers in bulk and aggre-
gate morphologies of amphiphilic graft copolymers in dilute
solution.42,43 In our model, the graft copolymers exhibit two
architectural parameters: the junction number and the junc-
tion position. Because of ongoing interest in novel properties
of multigraft copolymers, we concentrate on the effect of the
number of graft arms per junction on the phase behavior of
multigraft copolymers.

In the present work, we investigate the microphase sepa-
ration of multigraft copolymers with various numbers of
graft arms per junction. We first determined the scattering
function of multigraft copolymer melts in the disordered
state and the spinodal which is the proximity of the ODT by
using RPA. With the help of the information gained from
RPA calculations, we then utilized real-space implemented
SCFT developed by Drolet and Fredrickson to study the
phase behaviors of multigraft copolymers, such as morpholo-
gies, domain spacing, and interfacial width. The phase dia-
grams were mapped out to show the relationship between
morphologies and the number of graft arms per junction.
Finally, we calculated the SCFT phase diagrams of multi-
graft copolymers at strong segregation to make a comparison
with the existing experimental observations.

RESULTS AND DISCUSSION

The multigraft copolymers considered in the present
work are assumed to be monodispersed. The architecture of
multigraft copolymers is depicted in Fig. 1. The homopoly-
mer B graft arms are attached to the junction points along the
homopolymer A backbone. The number of junctions is de-
noted by m and the number of graft arms per junction by p.
The jth junction is located at � j and given by � j =�1+ �j−1�
��1−2�1� / �m−1�, where 1� j�m. The degrees of poly-
merization of A and B chains are NA and NB, respectively.
Both A and B segments have the same statistical length a.
The volume fraction of A-type segment is denoted by fA, and
thus that of B-type segment is fB=1− fA.

Three subsections are included in this section: “spinodal
studied by RPA,” “microphase behaviors studied by SCFT,”
and “comparison of SCFT results with experimental obser-
vations.” The results in the first section are obtained from
RPA described in Appendix A, and the results of the latter
two sections are based on SCFT described in Appendix B. In
SCFT calculations, the phase diagrams are evaluated by
comparing the energies of the disordered phase and each
ordered phase obtained from the calculation started from a
deterministic initial condition that has symmetries of lamella
�L�, hexagonally packed cylinders �C�, body-centered
spheres �S�, and bicontinuous gyroid �G� phase.

Spinodal studied by RPA

Figure 2 illustrates influence of p on spinodal of multi-
graft copolymers with m=10 and �1=0.10. In these dia-
grams, the vertical axis is the segregation strength of multi-
graft copolymers with single junction obtained by
normalizing ��N�s with respect to m, i.e. ��N�s /m. Here,
��N�s is defined as the characteristic value of �N, where the
magnitude of S�q� � diverges at the spinodal temperature.
The ordered microphase-separated structures are found
above the spinodal curves, while the homogeneous state is
stable below the spinodal curves. From Fig. 2, it can be seen
that the spinodal curves shift upward as p increases, imply-
ing that the multigraft copolymers with larger p are more
difficult to undergo phase separation. This effect is more pro-
nounced when the volume fraction of backbone fA is lower.

FIG. 1. Molecular architecture of the multigraft copolymer with the number
of graft arms per junction p=2 and the number of junctions m=3.
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In addition to fA, the influence of junction number �m�
and junction position ��1� on spinodal was further examined.
Shown in Fig. 3�a� is a plot where ��N�s /m is plotted against
m at a given value of �1=0.15 and fA=0.50 for multigraft
copolymers with various p. The plane of ��N�s /m versus m
includes three regions: a sharp raise at sparse junction den-
sity, a slight drop at moderate junction density, and a sharp
drop at dense junction density. We note that the effect of p on
the spinodal at various regions displays different characters.
At sparse and moderate junction density, p shows a signifi-
cant influence on the ��N�s /m of multigraft copolymer melts
and the value of ��N�s /m increases with increasing p. For the

multigraft copolymers with dense junction density, p exerts
weak impart on the spinodal curves. When m is large
enough, i.e., m�40, the spinodal curves for multigraft co-
polymers with various p are almost identical. The influence
of the variation in �1 at a given value of m=10 is demon-
strated in Fig. 3�b�. Similarly, three regions are included: a
sharp raise at smaller �1 values, a slight drop at intermediate
�1 values, and a sharp drop at larger �1 values. At smaller and
intermediate values of �1, p has a marked effect on spinodal,
and the value of ��N�s /m shows an increase with increasing
p. At larger value of �1, this effect becomes less pronounced.
When �1 is large enough, i.e., �1�0.35, the spinodal has a
weak dependence on p.

When the values of m are large enough, the multigraft
copolymers can be considered as the symmetric triblock co-
polymers containing two free end blocks and one “inner
block” consisting of graft arms and a remainder
backbone.44,45 As can be seen from Fig. 3�a�, the spinodal of
multigraft copolymers under this condition is dependent on
the volume fraction of free end blocks and inner block46 but
is very weakly dependent on p. As �1 approaches 0.5, the
multigraft copolymers can be regarded as the star copoly-
mers. Under such a circumstance, p, which is associated with
the number of arms of star copolymers, shows less pro-
nounced effect on spinodal of multigraft copolymers �Fig.
3�b��. It is consistent with the fact that the ODTs of star
copolymers have weak dependence on the number of arms as
their arm numbers are relatively larger.47

From the above results, we learned that the multigraft
copolymers with larger p are more difficult to undergo phase
separation than those with smaller p when m and �1 are not
very large. The reason can be further understand as follows.
The entropies of multigraft copolymers with different archi-
tectures in homogeneous state are nearly equal, but the en-
tropies of multigraft copolymers with different numbers of
graft arms per junction in the ordered microstructures would
be different due to the fact that the graft arm blocks are
pinned at the interface of ordered microstructures. As the
number of graft arms per junction increases, the number of
graft arm blocks confined to the interface increases. Thus,
the entropy reduction associated with ODT is greater for
multigraft copolymers with larger p. On the other hand, the
transition heats for multigraft copolymers are essentially
equal.28 The greater entropy reduction for multigraft copoly-
mers with larger p requires a larger ��N�s /m. This results in
the upward shift of spinodal with increasing value of p.

Microphase behaviors studied by SCFT

Figure 4 displays a series of phase diagrams in the plane
of p versus fA for the multigraft copolymer melts at fixed
degree of segregation �N /m=30.0. As can be seen from Fig.
4, the ordered regions tend to be narrow with increasing p.
This is in line with the fact that the multigraft copolymers
with smaller p are more strongly ordered than that with
larger p �see Fig. 2�. The phase boundaries of order-order
transitions �OOTs� shift towards the higher value of fA as p
increases. Due to the narrower ordered region and shift of
OOTs as p increases, the stable regions of SB become very

FIG. 2. Spinodal curves in ��N�s /m− fA space for AB multigraft copolymers
with various p at m=10 and �1=0.10.

FIG. 3. �a� Spinodal curves in ��N�s /m−m space for AB multigraft copoly-
mers with various p at �1=0.15 and fA=0.50. �b� Spinodal curves in
��N�s /m−�1 space for AB multigraft copolymers with various p at m=10
and fA=0.50.
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narrow for the multigraft copolymers with p=3 and p=4, as
shown in Fig. 4�a�. With decreasing �1 value from 0.25 to
0.125 at a given m=2, as shown by Figs. 4�a� and 4�b�, the
phase boundaries of OOTs all shift to higher values of fA,
while the ordered region between the ODT lines becomes
broad. In addition, a more remarkable change in OOTs to-
ward higher fA as p increases is demonstrated in Fig. 4�b�,
which results in the disappearance of SB phase for the mul-
tigraft copolymers wifh p=4. As can be seen from the com-
parison between Figs. 4�b� and 4�c�, when m value increases
from 2 to 4 at a given �1=0.125, the phase boundaries of
OOTs shift toward lower fA and the ordered region becomes
narrow. It should be noted that the constituting star copoly-
mers formed by snipping the midpoint of the connecting
backbone blocks have the same symmetry for the cases in

Figs. 4�a� and 4�c�. The OOTs are nearly the same under
these conditions. However, as the constituting star copoly-
mers become more asymmetric ��1 changes from 0.25 to
0.125 at m=2 or m changes from 4 to 2 at �1=0.125�, shift of
OOTs to higher fA is shown �Fig. 4�b��.

The behavior that the OOTs show a shift toward higher
fA with increasing p can be rationalized by considering the
stretching energy of the multigraft copolymer chains. For the
sake of argument, we consider the lamellar structure formed
by the multigraft copolymers with smaller p. When p in-
creases, the multigraft copolymers experience a lateral
crowding of the graft arms due to the fact that more graft
arms accommodate on the same side of the interface in the
lamellar structure. The graft arms for multigraft copolymers
with larger p have to be more stretched normal to the inter-
face to fill the graft arm domain since the polymer chains
must be adjusted to maintain a constant density for an in-
compressible system.48 It results in the higher stretching en-
ergy of graft arm as p increases. To alleviate such an effect
and to lower the overall free energy, the interface curves
away from the stretched graft arm domain, resulting in a
preference for graft arms to reside on the convex side of the
interface.17 In this way, the graft arms find more volume
close to the interface without having to stretch too much.
This change in spontaneous curvature shifts the boundaries
of OOTs toward the higher backbone volume fraction fA as p
increases.49

To further understand the behavior of the multigraft co-

FIG. 5. �a� Lamellar period D /Rg as a function of p for multigraft copoly-
mers with fA=0.5, m=4, and �1=0.125 at different segregation strengths
�N /m=30.0 and 50.0. �b� Characteristic domain size D* /Rg plotted as a
function of fA for AB multigraft copolymers with various p at �N /m=30.0,
m=4, and �1=0.125.

FIG. 4. Phase diagrams in p− fA space for AB multigraft copolymers with
�a� m=2 and �1=0.25, �b� m=2 and �1=0.125, and �c� m=4 and �1=0.125 at
�N /m=30.0. Dis labels the regions where the melt is disordered. The or-
dered regions are denoted as S �body-centered cubic spheres�, C �hexago-
nally packed cylinders�, G �bicontinuous gyroid�, and L �lamella�. The sub-
scripts A and B in C, S, and G denote that the minority domains of ordered
structure are formed by A and B blocks, respectively. The hollow symbols
denote the phase transitions and the solid lines are drawn to guide the eye.
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polymer melts, we calculated the domain size and interfacial
width at m=4 and �1=0.125. Figure 5�a� shows the lamellar
period D /Rg as a function of p for multigraft copolymers at
two degrees of segregation �N /m=30.0 and 50.0. The in-
crease in the value of p produces a decrease in lamellar pe-
riod. This can be attributed to the fact that the graft arm
chains become shorter as p increases. Moreover, the lamellar
period shows an increase with increasing segregation
strength �N /m. The effect of variation in p on the domain
size is common to all morphologies. Figure 5�b� illustrates
the characteristic domain size D* as a function of composi-
tion fA. �D*�2� /q*, where q* is the principal scattering
vector of given morphology. For the L phase, the lamellar
period is D*, for the G phase the size of the unit cell is
61/2D*, for the C phase the spacing between cylinders is
�4 /3�1/2D*, and for the S phase the spacing between the
spheres is �3 /2�1/2D*.�46,49 As can be seen, D* decreases as p
increases.

Figure 6 shows the interfacial width as a function of p
for lamellar phase of multigraft copolymers with fA=0.50.
Here, we evaluate the width as w��d�A /dz�−1 at the
interface.46 The interfacial width becomes broader as p in-
creases, implying a lower level of order in the multigraft
copolymer melts with a relatively larger p. As �N /m in-
creases, the width becomes narrower in the multigraft co-
polymer systems. It is also noted that the effect of p on the
interfacial width becomes less pronounced as �N /m in-
creases.

The effect of variation in p on the interfacial width can
also be viewed from the junction distributions. Figure 7 plots
the junction distributions for lamellar phase of multigraft co-
polymers with various p. The coordinate z=0 corresponds to
the middle of B graft arm domain. When p=1, the local
volume fraction of junctions has a maximum value in the
region of interface between A and B domains. Thus, the junc-
tions mainly distribute at the interface. As p increases, the
volume fraction of junctions has an increase at the center of
B domain but a decrease at the interface. This suggests that
the junctions delocalize from interface into B graft arm do-
main and distribute more dispersively. The dispersive junc-
tion distribution broadens the interfacial width.

Comparison of SCFT results with experimental
observations

Some experimental results of multigraft copolymers are
available in literatures for comparison with the theoretical
predictions. Gido and co-workers synthesized a series of
well-defined multigraft copolymers with polystyrene �PS�
grafts and polyisoprene �PI� backbone �PS-g-PI�.11–18 The
synthesized multigraft copolymers have three different num-
bers of graft arms per junction �p�: p=1, p=2, and p=4. The
microphase separation of the multigraft copolymers was in-
vestigated and three classical morphologies including
lamella, cylinder, and sphere were observed. In these experi-
ments, the morphology studies have mainly focused on
PS-g-PI multigraft copolymers with p=1 and p=2.

In order to make a comparison with the experimental
observations, we calculated the phase diagram for the multi-
graft copolymers at strong segregation in accord with the fact
that PS and PI are strongly segregated in the experiments.
Figure 8 illustrates SCFT phase diagram in m versus fA plane
for the multigraft copolymers with p=1 �a� and p=2 �b� at
�N /m=80.0, respectively. Corresponding to the multigraft
copolymers with regularly spaced junctions in the experi-
ments, the value of �1 was set to be 1 / �m+1�. In the present
calculation, a fourth-order backward differentiation formula
was employed for solution of diffusion equation �Eqs. �B3�
and �B5�� in the strong segregation region. We found that the
gyroid phase is stable at �N /m=80.0, although this phase
has not yet been observed in the multigraft copolymer sys-
tems. The phase boundaries of OOTs show a shift toward
smaller value of fA as m increases. When m is relatively
large, this shift is very slight. The phase boundaries for dif-
ferent m are connected by smooth lines. The morphological
results obtained from the experiments of PS-g-PI multigraft
copolymers are mapped into the SCFT phase diagrams. In
the diagram, the horizontal and vertical axes correspond to
the volume fraction of PI backbone and the number of junc-
tions per molecule in the experiments, respectively. As can
be seen, the SCFT calculations well reproduced the experi-
mental results. However, some exceptions are still noted and
they are denoted by filled symbols in the phase diagrams. For
example, when p=1, the cylinder phase for multigraft co-
polymers with 20 vol % PI backbone are located in the gy-

FIG. 6. Interfacial width w /Rg plotted as a function of p for AB multigraft
copolymers with fA=0.5, m=4, and �1=0.125 at various segregation
strengths �N /m=30.0, 40.0, and 50.0.

FIG. 7. Local junction distribution 	�z� for AB multigraft copolymers with
various p at m=4, �1=0.125, fA=0.5, and �N /m=30.0. The coordinate z
normal to the lamellas is scaled by the domain spacing D and the middle of
B-rich domain occurs at z=0.
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roid phase of SCFT phase diagram. The common feature is
that these discrepancies take place in the gyroid phase of
theoretical phase diagram. In fact, the gyroid phases are ab-
sent in experiments due to the difficulty in definitively iden-
tifying the bicontinuous phases. Taking no account of the
differences occurring in the gyroid phase, the SCFT results
are found to be in good agreement with the experimental
results. The real-space implemented SCFT is shown to be a
good approach to determine the phase behavior of the mul-
tigraft copolymers.

CONCLUSIONS

In this study, we investigated the effects of the number
of graft arms per junction on the phase behaviors of multi-
graft copolymers using the RPA and real-space implemented
SCFT. When the number of graft arms per junction p in-
creases, the spinodal of multigraft copolymers shifts upward
to higher value of ��N�s /m. Variations in the values of m and
�1 can greatly change the dependence of p on spinodal.
When m or �1 is large enough, the variation in p shows less
marked effect on spinodal. By using the SCFT calculations,
the phase diagrams in p-fA plane for multigraft copolymers
were evaluated by comparing the free energy of different
structures. The OOTs shift toward higher values of fA as p
increases. The variation in p values can significantly change

the domain spacing and interfacial width. The characteristic
domain size shows a decrease and the interfacial width
shows an increase with increasing p. The m-fA plane phase
diagrams at strong segregation are also mapped out to com-
pare with the existing experimental findings. The SCFT re-
sults can accurately capture the characteristics of the phase
behaviors of multigraft copolymers.
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APPENDIX A: RANDOM-PHASE APPROXIMATION

The RPA theory developed by de Gennes for binary ho-
mopolymer mixtures is a useful method in predicting ther-
modynamic features of block copolymer melts.20,21 Leibler
worked out RPA expansion of block copolymer melt to
fourth order in the density fluctuations.5 Because we restrict
our attention to the spinodal instability, we need only to con-
centrate on the second-order term of the free energy
expansion.5,24 The density fluctuations in disordered state are
described by density-density correlation function S�q�, which
is the Fourier transform of S�r�. The RPA scattering function
S−1�q� is a function of single-chain correlation functions and
is written as

S−1�q� =
1

N
�F�q� − 2�N� . �A1�

Here, � is the Flory–Huggins parameter and N�=NA+mpNB�
denotes the total degree of polymerization of multigraft co-
polymers. F�q� is given by

F�q� =
GAA�q� + GBB�q� + 2GAB�q�

GAA�q�GBB�q� − GAB
2 �q�

, �A2�

where GAA�q�, GAB�q�, and GBB�q� are the second-order cor-
relation functions. The calculations of GAA�q�, GAB�q�, and
GBB�q� are based on the integration over a subset of
segment-segment correlation functions.24 For the multigraft
copolymers, the correlation functions are

GAA�q� = Ng�fA,x� , �A3�

GAB�q� = 2Nmph�fBt,x�

��1 − exp�− �1fAx�h�fAt,mx�/h�fAt,x��/x , �A4�

GBB�q� = Nmp�g�fBt,x� + �p − 1�h2�fBt,x�

+ p exp�− fAtx�h2�fBt,x�u�fAt,x�/x� , �A5�

where

g�f ,x� = 2�fx + exp�− fx� − 1�/x2, �A6�

h�f ,x� = �1 − exp�− fx��/x , �A7�

FIG. 8. Comparison of the calculated SCFT results with the experimental
observations at strong segregation. Planes �a� and �b� illustrate the m− fA

phase diagrams for multigraft copolymers with p=1 and p=2, respectively.
Other parameters are �1=1 / �m+1� and �N /m=80.0. The observed mor-
phologies of polystyrene-g-polyisoprene multigraft copolymers are indi-
cated by the symbols: ��� lamellar phase, ��� cylindrical phase, ��� spheri-
cal phase, and ��� disorder state. The hollow and filled symbols show
experimental observations that are consistent and inconsistent with the
SCFT predicted morphologies, respectively.

114905-6 Wang, Zhang, and Lin J. Chem. Phys. 129, 114905 �2008�



u�f ,x� = 2�h�f ,x� − h�f ,mx��/h2�f ,x� , �A8�

fAt =
fA�1 − 2�1�

m − 1
, �A9�

fBt =
1 − fA

mp
, �A10�

x = q2Na2/6 = q2Rg
2. �A11�

S�q� passes through a narrow maximum at q* and the mag-
nitude of S�q*� diverges at the spinodal temperature. The
position of this maximum is independent of temperature ���.
Thus, to find the spinodal and q*, we find the maximum of
S�q� /N at �=0.24 The value of q at the maximum is q* and
the spinodal is N /2S�q*�. In general, the disorder-order tran-
sition occurs prior to reaching the spinodal temperature.5,28

However, the calculation of spinodal can provide a roughly
evaluation on the disorder-order transition.

APPENDIX B: SELF-CONSISTENT FIELD THEORY

For a canonical ensemble, n multigraft copolymers are
contained in a system with volume V. Within the mean-field
theory, the configuration of single copolymer chain is deter-
mined by a set of effective chemical potential fields 
l�r��l
=A ,B�, replacing the actual interactions in the melt. The po-
tential fields are conjugated to the density fields �I�r�. We
invoke an incompressibility condition ��A�r�+�B�r�=1� by
introducing a Lagrange multiplier ��r�. For such a multigraft
copolymer melt, the free energy per chain �in units of kBT� is
given by

F = − ln�Q

V
� +

1

V
� dr��N�A�r��B�r� − 
A�r��A�r�

− 
B�r��B�r� − ��1 − �A�r� − �B�r��� , �B1�

where Q=	drqA�r ,1� is the partition function of a single
noninteracting grafted chain subject to the fields 
A�r� and

B�r� in terms of the backbone propagator qA�r ,s�. The con-
tour length s starts from one end of the homopolymer chain
�s=0� to the other �s=1�. The spatial coordinate r is in units
of Rg �Rg

2=Na2 /6�. The backbone propagator is divided into
m+1 segments

qA�r,s� = qA
�j��r,s� ,

for � j � s � � j+1, j = 0,1, . . . ,m, �0 � 0, �m+1 � 1,

�B2�

where each segment satisfies the modified diffusion equation

N

NA

�qA
�j��r,s�
�s

= �2qA
�j��r,s� − 
A�r�qA

�j��r,s� �B3�

subject to the following initial conditions:

qA
�j��r,� j� = qA

�j−1��r,� j�qB
p�r,1� ,

j = 1,2, . . . ,m, qA
�0��r,0� = 1. �B4�

Here, qB�r ,s� is a propagator for B grafts that satisfies the
modified diffusion equation

N

NB

�qB�r,s�
�s

= �2qB�r,s� − 
B�r�qB�r,s� �B5�

subject to the initial condition qB�r ,0�=1 for the free end of
the graft at s=0. The back propagator of each B graft chain
attached the jth junction qBj

+ �r ,s� satisfies Eq. �B5� and starts
on the end of B chain tethered to the backbone. It is therefore
subject to the initial condition

qBj
+ �r,0� =

qA�r,� j�qA�r,1 − � j�
qB

p+1�r,1�
. �B6�

In terms of the single-polymer propagators, the segment den-
sities �A�r� and �B�r� become

�A�r� =
VfA

Q


i=1

m+1 �
�i−1

�i

dsqA�r,1 − s� , �B7�

�B�r� =
VfB

mQ


j=1

m �
0

1

dsqB�r,s�qBj
+ �r,1 − s� . �B8�

Finally, the minimization of free energy F with respect to
�A�r�, �B�r�, and ��r� is achieved by satisfying the mean-
field equations


A�r� = �N�B�r� + ��r� , �B9�


B�r� = �N�A�r� + ��r� , �B10�

�A�r� + �B�r� = 1. �B11�

We can then evaluate the normalized local junction distribu-
tion

	�r� =
1

m


j=1

m

	 j�r� =
V

Qm


j=1

m
qA�r,� j�qA�r,1 − � j�

qB
p�r,1�

, �B12�

where 	 j�r� is the jth normalized local junction distribution.
To solve the SCFT equations, we start our calculations

from two different initial states: random initial state and de-
terministic initial state constructed from a superposition of
the leading harmonics for the microstructures. The calcula-
tion launched from a random initial state was performed in
advance, which can provide insights into the unknown or-
dered phases and give preliminary information about the lo-
cal order to initial the subsequent calculation by using the
seed procedure.36 Classic phases including the lamellar, hex-
agonally packed cylindrical, body-centered spherical, and bi-
continuous gyriod phases are found in the calculation
launched from random initial field. To accurately determine
the stable state and phase boundaries, we then start calcula-
tions from a deterministic initial field constructed from func-
tions proportional to harmonics for the structures observed
form the simulations initiated form a random field
configuration.5,35,36,50 The stable structures are obtained by
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exhaustively comparing the free energy of the computed
structures with the free energies of three other possible struc-
tures which could exist in the melts.

For solution of the diffusion equations �Eqs. �B3� and
�B5��, two formulas were employed for different segregation
strengths. At weak and intermediate segregations, we utilized
the Baker–Hausdorff operator splitting formula proposed by
Rasmussen et al.51,52 At a strong segregation, we adopted the
fourth-order backward differentiation formula proposed by
Cochran et al.35 The densities �I�r� of special I, conjugated
the chemical potential fields 
i�r�, are evaluated on Eqs.
�B7�–�B10�. The chemical potential fields 
i�r� can be up-
dated by using a two-step Anderson mixing scheme.53

All simulations were carried out in three dimensions on
32�32�32 lattice with periodic boundary conditions. At
intermediate segregation, contour step size s for the A
backbone and B grafts was set at 0.01, respectively. At strong
segregation, s was set at 0.002 for both A and B blocks.
The numerical simulations were carried up to a convergence
of 10−6 in free energy and the achievement of the incom-
pressibility condition. We minimized the free energy with
respect to the size of simulation box, as suggested by
Bonbot-Raviv and Wang.54
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